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Abstract. This article deals with nonwandering (e.g. area-preserving) home- 
omorphisms of the torus which are homotopic to the identity and strictly 
toral, in the sense that they exhibit dynamical properties that are not present 
in homeomorphisms of the annulus or the plane. This includes all homeo- 
morphisms which have a rotation set with nonempty interior. We define two 
types of points: inessential and essential. The set of inessential points Ine(/) 
is shown to be a disjoint union of periodic topological disks ("elliptic islands"), 
while the set of essential points Ess(/) is an essential continuum, with typically 
rich dynamics (the "chaotic region"). This generalizes and improves a similar 
description by Jager. The key result is boundedness of these "elliptic islands", 
which allows, among other things, to obtain sharp (uniform) bounds of the 
diffusion rates. We also show that the dynamics in Ess(/) is as rich as in 
from the rotational viewpoint, and we obtain results relating the existence of 
large invariant topological disks to the abundance of fixed points. 
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Introduction 

The purpose of this article is to study homeomorphisms of the torus homo- 
topic to the identity which exhibit dynamical properties that are intrinsic to the 
torus, in the sense that they cannot be present in a homeomorphism of the annulus 
or the plane. We call such homeomorphisms strictly toral (a precise definition is 
given after the statement of Theorem |A| , and they include the homeomorphisms 
which have a rotation set with nonempty interior (in the sense of Misiurewicz and 
Ziemian MZ89' ) . We will give a description of the dynamics of such maps in terms 
of "elliptic islands" and a "chaotic region" which generalizes the one given by Jager 
[Jagll] , and most importantly, we prove the boundedness of elliptic islands. This 
allows to obtain sharp bounds of the diffusion rates in the chaotic region and has a 
number of applications. 
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To be precise with our terminology, let us make a definition. Let tt : — > = 
M^/Z^ be the universal covering. The homeomorphism /: — > T'^ is annular if 
there is some lift / : — of / such that the deviations in the direction of some 
nonzero v ^1? are uniformly bounded: 

-M < {r{x) -x,v) < M for aU xeR^ andne Z. 

If / is annular, it is easy to see that there is a finite covering of T'^ such that the lift 
of / to this covering has an invariant annular set (see for example |Jag09b[ Remark 
3.10]), so that in some sense the dynamics of / in a finite covering is embedded in 
an annulus. Therefore, in order to be strictly toral, a map / must not be annular, 
and it seems reasonable to require that no positive power of / be annular as well. 
However, this is not sufhcient to qualify as strictly toral: in |KT12] . an example 
is given of a homeomorphism / isotopic to the identity such that no power of 
/ is annular, but Fix(/) is fully essential. This means that Fix(/) contains the 
complement of some disjoint union of open topological disks (in the case of our 
example, just one disk). Such dynamics does not deserve to be called strictly toral: 
after removing the fixed points, what remains is dynamics that takes place on the 
plane. We mention however that a lift to of such example has a trivial rotation 
set {(0,0)} but has unbounded orbits on all directions. 

The boundedness properties of the dynamics of lifts to the universal covering 
has been the subject of many recent works fJag09a[ |JaglH JaeOQb [KK09[ iDavl 1 j . 



especially in the context of pseudo-rotations and in the area-preserving setting, or 
under aperiodicity conditions. In particular, using the notion of annular homeo- 
morphism introduced here, saying that some power of / is annular is equivalent to 
saying that / is rationally bounded in the sense of |Jag09b| . 

We also need to introduce the notion of essential points, which plays a central 
role in this article. A point x G is essential for / if the orbit of every neighbor- 



hood of X is an essential subset of (see { 1.4). Roughly speaking, this says that 
X exhibits a weak form of "rotational recurrence" . The set of essential points of 
/ is denoted by Ess(/), and the set of inessential points is Ine(/) = \ Ess(/). 
Both sets are invariant, and Ine(/) is open. We restrict our attention to nonwan- 
dering homeomorphisms (this includes, for instance, the area-preserving homeo- 
morphisms) . Recall that / is nonwandering if any open set intersects some forward 
iterate of itself. In that case, it is easy to see that inessential points are precisely the 
points that belong to some periodic open topological disk in (see Note that 
this does not necessarily mean that Ine(/) is a disjoint union of periodic topological 
disks, since there may be overlapping (for instance, Inc(/) could be the whole torus, 
as is the case with the identity map) . Our main theorem implies that in the strictly 
toral case, Ine(/) is indeed an inessential set, in fact a union of periodic "bounded" 
disks. 

In order to state our first theorem, let us give some additional definitions. If C/ C 
is an open topological disk, then 'D{U) denotes the diameter of any connected 

for 



1.4 



component of Tr~^{U), and if 'D{U) < oo we say that U is bounded (see [1 
more details). We say that / is irrotational if some lift of / to M.'^ has a rotation 
set equal to {(0, 0)}. 

Theorem A. Let /: — >■ be a nonwandering homeomorphism homotopic to 
the identity. Then one of the following holds: 

(1) There is A; G N such that Fix(/'"') is fully essential, and f^ is irrotational; 



STRICTLY TORAL DYNAMICS 



3 



(2) There is k £ N such that is annular; or 

(3) Ess(/) is nonempty, connected, and fully essential, and Ine(/) is the union 
of a family lA of pairwise disjoint open disks such that for each U U, 
2?(J7) is bounded by a constant that depends only on the period of U . 

Note that case (1) is very restrictive, as it means that the complement of Fix(/'^) 
is inessential. One can think of this as a planar case; i.e. the dynamics of /'^ can be 
seen entirely by looking at a homeomorphism of the plane (since \ Fix(/) can be 
embedded in the plane). We emphasize that case (1) does not always imply case 
(2), as shown by the example in |KT12| . Henceforth, by strictly toral nonwandering 
homeomorphism we will mean one in which neither case (1) or (2) above holds. 

Thus, if / is nonwandering and strictly toral, there is a decomposition of the 
dynamics into a union Ine(/) (possibly empty) of periodic bounded discs which can 
be regarded as "elliptic islands", and a fully essential set Ess(/) which carries the 
"rotational" part of the dynamics. 

It is worth mentioning that the nonwandering hypothesis in TheoremlA](and also 
in Theorem |b] below) is essential. Indeed, if / the homeomorphism of T^^ obtained 
as the time-one map of the suspension flow of a Denjoy example in the circle, then 
/'^ is non-annular and has no fixed points, for any A; G N, but there is an unbounded 
invariant disk (corresponding to the suspension of the wandering interval). 

The main difficulty to prove Theorem |A] is to show that if / is strictly toral, 
there are no unbounded periodic disks. This is possible thanks to the following 
theorem, which is a key result of this article. 

Theorem B. // /: is a nonwandering non-annular homeomorphism 

homotopic to the identity then one and only one of the following properties hold: 

(1) There exists a constant M such that each f -invariant open topological disk 
U satisfies V(U) < M ; or 

(2) Fix(/) is fully essential and f is irrotational. 

In particular, under the hypotheses of the above theorem, if there is an un- 
bounded invariant topological disk then Fix(/) is necessarily fully essential. 

Applications. If / : ^ is a homeomorphism homotopic to the identity and 
/: — is a lift of /, then given an open set U C we may define (as in 
|Jagll| ) the local rotation set on U as the set p{f , U) C consisting of all possible 
limits of sequences of the form { f"{zi) — Zi)/ni, where 7r(zi) G U — > oo as i — >■ oo. 

Observe that in particular p{f) = p(/,T^) is the classic rotation set of / as 
defined in |MZ89j . If /?(/) has nonempty interior, this provides a great deal of 
global information about /; for instance there is positive entropy LM91], abundance 
of periodic orbits |Fra89) and ergodic measures with all kinds of rotation vectors 
|MZ91j . 

Assume that p{f) has nonempty interior (and therefore / is strictly toral). We 
may define the diffusion rate ri{f, U) on an open disk U as the inner radius of the 
convex hull of p{f, U) (which does not depend on the lift). Roughly speaking, this 
measures the minimum linear rate of growth of U in all homological directions. In 
|Jagll| , a set C{f) is defined consisting of all points a; e such that every neighbor- 
hood of X has positive diffusion rate. This implies that C{f) has (external) sensitive 
dependence on initial condition, which is why it is regarded as the "chaotic" region. 
It is also shown in |Jag09b| that every point of the set £{f) = \ C{f) belongs 
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to some periodic topological disk U, and U) is a single point (however, we will 
not use these facts, as they are a consequence of the next theorem). 

The next result provides a more precise description of the chaotic region: it says 
that C{f) concentrates the interesting (from the rotational viewpoint) dynamics, it 
gives topological information about C(/) (namely, it is a fully essential continuum), 
and it shows that there is uniform diffusion rate in the chaotic region. The latter 
means that is there is a constant 770 > depending only on / such that whenever 
X £ C{f ) and U is a neighborhood of x, one has rj{f, U) — rjQ. 

Let us say that an invariant set A C is externally transitive if for any pair of 
open sets U, V intersecting A there is 71 G Z such that f"'{U) C^V ^ and A is 
externally sensitive on initial conditions if there is c > such that for any a; G A 
and any neighborhood U oi x there is n G N such that diam(/"(t/)) > c. 

Theorem C. Let /: — >■ is a nonwandering homeomorphism homotopic to 
the identity and f a lift of f to M^. Suppose that p{f) has nonempty interior. Then, 

(1) C{f) ~ Ess(/), which is a fully essential continuum and£{f) = Ine(/) is a 
disjoint union of periodic bounded disks; 

(2) Ess(/) is externally transitive and sensitive on initial conditions; 

(3) For any x G Ess(/) and any neighborhood U of x, Conv(p(/, U)) = p{f); 

Another result that reflects how Ess(/) carries rich dynamics is related to the 



realization of rotation vectors by measures or periodic orbits (see ^1.2 for defini- 
tions). It is known that every extremal or interior point v of p{f) is realized by an 
ergodic measure (MZ89. .MZ91j , and if v G then it is realized by a periodic point 
|Fra89[ITVa88llMZ89| (see also |Fra95 ). The next theorem guarantees that one can 
obtain such type of realization in the set of essential points. 

Theorem D. Suppose /: — > is nonwandering, homotopic to the identity and 
strictly toral, and let f be a lift of f toM? . Then, 

(1) Any rational vector of p{f) that is realized by some periodic point is also 
realized by a periodic point in Ess(/) ). 

(2) If p is an ergodic Borel probability measure p with associated rotation vector 
Pfj.{f) ^ Q^, then p is supported on Ess(/). 

Finally, a simple application of Thcorem|X]gives a characterization of the possible 
obstructions to transitivity: 

Corollary E. Let / : — )• is a homeomorphism homotopic to the identity, and 
suppose f is not transitive. Then one of the following holds: 

(1) There is a wandering open set; 

(2) Fix(/'^) is fully essential, for some k G N; 

(3) /'^ is annular for some k G N; 

(4) There is a periodic bounded open topological disk. 

Questions. If p{f) has nonempty interior or is a single totally irrational vector, 
it is easy to conclude that / is strictly toral. If p{f) is a single vector that is 
neither rational nor totally irrational (for example {(a, 0)} with a irrational) one 
can find examples which are annular (e.g. a rigid rotation) and others which are 
strictly toral (e.g. Furstenberg's example |Fur61) ). We conjecture that strictly toral 
behavior is not possible when the rotation set is a single rational vector. 
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Question F. Can a rational pseudo-rotation be strictly toral? 

In |KT12j . a partial result is obtained answering the above question negatively 
with some weak additional hypotheses. 

Finally, we do not know if the bound on the size of inessential periodic disks in 
Theorem [A] is uniform (independent of the period): 

Question G. Is there a strictly toral nonwandering homeomorphism f homotopic 
to the identity such that sup{2?(C/) : U is a connected component of Ine(/)} = 00? 

Let us say a few words about the proofs. In f|l]we introduce most of the notation 
and terminology, and we prove some basic results. Most of the burden of this article 
lies in the proof of Theorem [B| For ease of the exposition, we prove Theorems \K\ [C| 
Dland Corollary [E| assuming Theorem [B] This is done in ^ The proof of Theorem 
B| relies strongly on the equivariant version of Brouwer's plane translation theorem 
due to P. Le Calvez |LC05| and a recent result of O. Jaulent |Jaull| that allows to 
apply the theorem of Le Calvez in more general contexts. We state these results in 
^ Many ideas present here were used in |LC05| and |LC06) to study Hamiltonian 
homeomorphisms; in particular what we call gradient-like Brouwer foliations (see 



[3.2 \. The novelty is that we do not assume that the maps are Hamiltonian, and 
not even symplectic; and we use the Brouwer foliations in combination with the 
non-annularity to bound invariant open sets. A key concept that allows to do that 
is a linking number associated to a simply connected invariant set and a fixed point, 
which we introduce in ^|4] together with some applications regarding open invariant 
sets of maps which have a gradient-like Brouwer foliation. We think these results 
may be useful by themselves in other contexts. To use these results in the proof of 
Theorem [Bj which is given in f|5j we first assume that there exist arbitrarily large 
open connected inessential sets in \ Fix(/) and that Fix(/) is not fully essential. 
These two facts allow us to obtain a gradient-like Brouwer foliation, and then we 
use the results from f|4] and some geometric arguments to arrive to a contradiction. 



1. Preliminaries 

1.1. Basic notation. As usual we identify the torus with the quotient M^/Z^, 
with quotient projection tt: — >■ T^, which is the universal covering of T^. 

Usually, if / is a homeomorphism of , a lift of / to the universal covering will 
be usually denoted by / : — . If / is isotopic to the identity, then / commutes 
with the translations z 1— > z + w, v G M^, and so / — Id uniformly bounded. 

We write = I? \ {(0, 0)}. Given u, w g E^, their inner product is denoted by 
{u,v), and P„ : — )• K denotes the projection P„(w) = {u, y^)- If w = {a,,b), we 
use the notation ~ (—6, a) 

By a topological disk we mean an open set homeomorphic to a disk, and similarly 
a topological annulus is an open set homeomorphic to an annulus. 

An arc on a surface 5 is a continuous map 7: [0, 1] — t- S. If the endpoints 7(0) 
and 7(1) coincide, we say that 7 is a loop. We denote by [7] the set 7([0, 1]), and if 
a,/3 are two arcs such that a(l) — /3(0), we write a * /? for the concatenation, i.e. 
the arc defined by {a * l3){t) = a{t/2) if t e [0, 1/2] and I3{1 - t/2) if t e (1/2, 1]. 
We also use the notation (7(i))tG[o,i] to describe the arc 7. 

If 7 C is a loop, we denote by 7* G iJi(T^,Z) its homology class, which in 
the case of coincides with its free homotopy class. The first homology group 
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Hi(T'^,Z) can be identified with by the isomorphism that maps w £ Z'^ to 7*, 
where 7 is any arc joining (0,0) to v. 

If / : — > is a homeomorphism isotopic[^ to the identity, we denote by 
I — (/t)tg[o,i] an isotopy from /o = IdT2 to /i = / (i.e. t 1-^ ft is an arc in the 
space of self-homeomorphisms of joining the identity to /). Any such isotopy 
can be hfted to an isotopy I — (/t)te[o.i] where ft : M.'^ to is a Hft of ft for each 
t e [0, 1] and 7o IdK2 . 

1.2. Rotation set, irrotational homeomorphisms. The rotation set of a hft / 
of a homeomorphism / : — > homotopic to the identity is denoted by p{f) and 
defined as the set of all limit points of sequences of the form 

/ ken 

where Xfe S M^, nj, S N and n^, — 00 as fc — J' 00. 

For an /-invariant Borel probability measure /i, the rotation vector associated 
to ^ is defined as Pp(/) = /j.2 4>d^, where 0: M? is the map defined by 

4>(x) = f{x) — X for some a; G Tr~^{x) (which is independent of the choice). The 
next proposition collects some basic results about rotation vectors. The results are 
contained in |MZ89| . 

Proposition 1.1. The following properties hold: 

(1) p{f) is compact and convex; 

(2) p(/"(a;) + v) = np{f) + v for any n €l and v €l? . 

(3) If pL is an f-ergodic Borel probability measure such that Pp(/) ~ w, then 
for pL-almost every point a; S and any x G 'k^^{x), 

r{x) - X 

lim = w. 

(4) If w G p{f) is an extremal point (in the sense of convex sets) then there is 
an f-ergodic Borel probability measure p on such that p^{f) = w. 

When the rotation set consists of a single vector, / is said to be a pseudo-rotation, 
and when this vector is an integer, / is said to be irrotational. Thus / is irrotational 
if there is a lift / such that p{ f) — {0}. 

If p is an ergodic measure and p^(/) = v, we say that the rotation vector v is 
realized by p. If t; = {pil q,P2/ <l) is a rational vector in reduced form (i.e. with 
Pi,P2,<l mutually coprime integers, q > 0), then we say that v is realized by a 
periodic orbit if there is z e such that 

P{z)^Z^ip^,P2) 

for any z e tt~^{z). Note that this implies that /'(z) = z and lim„_j.oo(/"(^) ~ 
z)/n — V. 



^By a theorem of Epstein |Eps66| , this is equivalent to saying that / is homotopic to the 
identity 
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1.3. Foliations. By an oriented foliation with singularities on a surface S we 
mean a closed set Sing(J^), called the set of singularities, together with an oriented 
topological foliation J^' of S'\Sing(J^). Elements of J^' are oriented one-dimensional 
manifolds, and we call them regular leaves of J-. 

By a theorem of Whitney |Whi33[ IWhi41| , any such can be embedded in a 
flow; i.e. J- is the set of (oriented) orbits of some topological flow (j): S x K S. 
Therefore one may define the a-limit and w-limit of leaves of in the usual way: 
if r is a leaf of J- and zq is a point of F, then 

co{T) = fl {<j,izo,t):t>n}, a(T) = f| {0(zo, t) : i < 

n>0 n<0 

We say that an arc 7 is positively transverse to an oriented foliation with singu- 
larities J- if [7] does not contain any singularity, and each intersection of 7 with a 
leaf of T is topologically transverse and "from left to right". More precisely: for 
each to € [0: 1] there is a homeomorphism h mapping a neighborhood U of "f{to) to 
an open set F C such that h maps the foliation induced by in t/ to a foliation 
by vertical lines oriented upwards, and such that the first coordinate of 1 1— > h{'y{t)) 
is increasing in a neighborhood of tQ. 

1.4. Essential, inessential, filled, and bounded sets. We say an open subset 
U of is inessential if every loop in U is homotopically trivial in T^; otherwise, 
U is essential. An arbitrary set E is called inessential if it has some inessential 
neighborhood. We also say that E is fully essential if \ i? is inessential. 

If i? C is open or closed, its filling is the union of E with all the inessential 
connected components of \ E, and we denote it by Fill(£^). li E = Fill(£') we 
say that E is filled. 

A connected open set A C is annular if Fill(A) is homeomorphic to an open 
topological annulus. The following facts are easily verified, and we omit the proofs. 

Proposition 1.2. The following properties hold: 

(1) If E <Z T'^ is fully essential and either open or closed, then exactly one 
connected component of E is essential, and in fact it is fully essential. 

(2) Fill(_B) is inessential if so is E, fully essential if so is E , and neither one 
if E is neither. 

(3) An open set [/ C has an annular component if and only if U is neither 
inessential nor fully essential. 

(4) An open connected set U C is fully essential if and only if the map 
L*jj: Hi{U,'E) _ffi(T^,Z) induced by the inclusion ljj : U T'^ is surjec- 
tive. 

(5) //£' C is an open or closed set invariant by a homeomorphism /: — >■ 
T^, then Fill(i?) is also f -invariant. 

(6) Suppose U is open and connected and U is a connected component of 
7r-i(C/). Then 

• U is inessential if and only if U Ci (U + v) =0 for each u G Zj; 

• U is annular if and only if there is v ^ li^ such that U = U + v and 
Un{U + kv^) = for allk^Q 

• U is fully essential if and only if U ~ U + v for all v ^1? . 

Given an arcwise connected set iJ C T^, let be a connected component of 
TT^^ (i?). We denote by T^iE) the diameter of E, reflecting the fact that this number 
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is independent on the choice of the component E. If !?(£') < oo, we say that E 
is bounded, and we say that E is unbounded otherwise. If u G M^, we denote by 
the diameter of Pv{E), which is also independent on the choice of E. 

Proposition 1.3. If K CZ T'^ is closed and inessential, then there is M > such 
that 'D{C) < M for each connected component C of K . 

Proof. If K is closed and inessential, \ iiT is open and fully essential, and one 
can find two loops a, j3 in T"^ \ K with a common base point zq whose homology 
classes are generators of ffi(T^,Z). Letting G 7r^^(zo), the lifts 3, /3 of a and f5 
with base point zq join zp to zq + and zq to zq + U2, respectively, where vi and 
V2 are generators of 1? . If C is a connected component of K and C is a connected 
component of 7r^^(C), then C is disjoint from Oi = IJnezI'^] + "^'^i ^^'^ ^ ^^^'^ 
disjoint from Qi + mvi for any m G Z. This implies that 

diamP„j_(C') < A/q = \\v^\\ + diam(P^i (Oi)) = ||ui|| + diam(P,„j_ [a]) < oo. 

By a similar argument using /? and V2 instead of a and vi we conclude that 
diam(P„j_ (C)) < Mi for some constant Mi. Since vi and V2 are not coUinear, 

this implies that diam(C) < M for some constant M independent of C . Thus 
V{C) < M, as claimed. □ 

1.5. Annular homeomorphisms. Let /: — > be a homeomorphism isotopic 
to the identity. We say that / is annular (with direction v) if there is some lift / 
of / to and some w G such that 

-M < (Pix) -x)<M Vx G M^ Vn G Z. 

Proposition 1.4. The following properties hold: 

(1) If an open set A C is annular, then diam(P„(A)) < oo for some u G Z^. 

(2) // there is an f -invariant annular set, then f is annular. 

(3) // / is annular with direction v, then p{f) C M.v for some lift f of f. 

(4) // / is nonwandering and /" is non-annular for all n G N, then any essen- 
tial f -invariant open set is fully essential. 

(5) // /" is annular for some n G N and f has a fixed point, then f is annular. 

Sketch of the proof. Suppose A is an annular open set. Then A' = Fill A is a topo- 
logical annulus. Note that A' must be essential (otherwise it would not be filled). 
Let 7 be an essential simple closed curve in A' . Then any connected component T 
of 7r^^([7]) is an embedded line that separates in exactly two components. Let 
A' be the connected component of tt^^{A') that contains T. By Proposition 1.2 



there is w G Z^ such that A' -\- w = A' and A' n (A' + kw^) = for any k ^ 0. 
This implies that A' lies between F — and F + w^, and it follows easily that 
P^^±{A') < oo. This proves ([ij, with v ^ w^. 

To prove suppose that the set A from the previous item is /-invariant. Then 
so is A' , and we may choose a lift f oi f such that A' is /-invariant. From the 
previous item, there is a constant M such that P„i {A') < M. Let B be the union 
of A' U (A' + v^) with all the connected components of its complement whose 
projection by P„-l is bounded. One easily verifies that B is /-invariant (because 
f{x) — a: is uniformly bounded) and tt{B) ~ T^. Thus for each z G there is 
z G 7T^^{z) such that z ^ B. The fact that Py±{B) is bounded and B is invariant 
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implies that Pi,(/"(z) — z) is bounded by a constant independent of z, proving that 
/ is annular. 

To prove Q, note that if U is /-invariant and essential but not fully essential, 
then U has an annular connected component A (by Proposition |1.2[ ) . Since / is 
nonwandering and the components of U are permuted by /, there is n such that 
/"(A) = A. Thus A is an /"-invariant annular open set, and by ([2| it follows that 
/" is annular. 

If / is annular with direction v, there is a lift / of / and M > such that 
\Pv^{r{x) - x)\ < M, and follows that P„_l(p(/)) = {0}, proving ^. 

Finally, to prove ([s]) suppose that /" is annular for some n e N and / has a fixed 
point. Then there is a lift / of / such that /(zo) = for some zq £ M^. Since /" 
is annular, there is w e such that — M < P„i((/" + w)''{x) — x) < M for all 
cc G and n e Z. Thus 

-kP^±{w)-M < P.^±{f'''{x) - x) < -kP^±{w) + M. 

Using X — zq, which is a fixed point of /, we conlcude that (w) — 0. Therefore 
-M < P^±{P''{x) -x) < M for all x e R'^ and k e Z. If m e Z is arbitrary, we 
can write m = nk + r where n G Z and < r < fc, and then for any a; G we have 

Pv^irix) - x) = p^^irHri^)) ~ ri^)) + p.^rw -x)<m+ m', 

where M' = max{P^(/'"(a;) - x) : x e [0,1]^, < r < fc}. Thus / is annular, 
concluding the proof of ([s]). □ 

Proposition 1.5. Suppose there is a lift f of f to and an open f -invariant set 
F C such that 

p-\{-^,a)) CV cP-\{-^,b)) 
for some a < b. Then f is annular. 

Proof. Let A/ = 6 - a + Given z G M^, there is fc G Z^ such that a - \\v\\ < 
Py{z + kv) < a, so that z + kv e V. Thus /"(z + kv) e V for aU n G Z, which 
implies that 

P.(7"(2) -z)= Py{r{z + kv)) - P,(z + fc^i;) <b-{a-\\v\\)^M 

for all n G Z. Similarly, there is fc G Z^ such that b + \\v\\ > P„(z + kv) > b, and so 
/"(z + kv) ^ V for all n G Z, implying that 

P,{r{z)-z)=P,{r(z + kv))~P,{z + kv)>a~{b+\\v\\) = ~M 

for aU n G Z. Thus ~M < Pi,(/"(z) ~ z) < M, and / is annular. □ 

1.6. Collapsing a filled inessential set. The following proposition says that one 
can collapse the connected components of a filled compact inessential invariant set 
to points, while preserving the dynamics outside the given set. It will be convenient 
later on to simplify the sets of fixed points. 

Proposition 1.6. Let K CT'^ be a compact inessential filled set, and f: -> 
a homeomorphism such that f{K) = K. Then there is a continuous surjection 
: — > and a homeomorphism /' : — )• such that 

• h is homotopic to the identity; 

• hf = fh; 

• K' — h{K) is totally disconnected; 
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• h\f2\x '■ \ K T'^ \ K' is a homeomorphism. 

Proof. Each connected component of K is filled and inessential, so it is a cellular 
continuum (i.e. it is an intersection of a nested sequence of closed topological disks). 
Let V be the partition of into compact sets such that P € P if P is a connected 
component of if or P = {x\ for some x £T'^ \ K. Then V is an upper semicon- 
tinuous decomposition: if P G P and U is a neighborhood of P, then there is a 
smaller neighborhood V C U of P such that every element of V that intersects V 
is contained in U. This is a direct consequence of the fact that the Hausdorff limit 
of any sequence of connected components of K must be contained in a connected 
component of K. 

An improved version of a theorem of Moore, found in |Dav86| (Theorems 13.4 and 
25.1) says that for such a decomposition (an upper semicontinuous decomposition 
of a manifold into cellular sets) one can find a homotopy from {pt)te[o,i] from IdT2 
to a closed surjection pi : — such that V — {pi^{x) : x £ T^}. This implies 
that h — pi is homotopic to the identity, h{K) is totally disconnected and h\f2\i( 
is a homeomorphism onto \ h{K). The map /' is well-defined by the equation 
f'h = hf because / permutes components of K, and it follows easily that /' is a 
homeomorphism, completing the proof. □ 

1.7. Other results. Let us state for future reference two well-known results. The 
first one is a version of the classical Brouwer's Lemma; see for example Corollary 
2.4 of IMlZ]- 

Proposition 1.7. If an orientation-perserving homeomorphism / : — > has a 
nonwandering point, then f has a fixed point. 

The second result is due to Brown and Kister: 

Theorem 1.8 f |BK84p . Suppose S is a (not necessarily compact) oriented surface 
and /: — > S an orientation-preserving homeomorphism. Then each connected 
component of S \ Fix(/) is invariant. 

2. Theorem [X\ and applications 

As usual, in this section / denotes a homeomorphism of homotopic to the 
identity. 

We say that x € T'^ is an essential point if Ufcez/'^(^) essential for each 
neighborhood U of x. If x is not essential, we say that x is inessential. It follows 
from the definition that: 

• The set Ine(/) of all inessential points is open; 

• The set Ess(/) of all essential points is therefore closed; 

• Both sets are /-invariant. 

Remark 2.1. Note that Ine(/) coincides with the union of all inessential open in- 
variant sets. This does not necessarily mean that Ine(/) is inessential: a trivial 
example would be the identity. One can think of less trivial examples where Ine(/) 
is essential, but they all seem to have some power with a very large fixed point 
set (namely, a fully inessential set of periodic points). Theorem [A| says that this 
is the only possibility, under the assumption that / is non-wandering and /" is 
non-annular for all n e N. 
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2.1. Proof of Theorem [a] (assuming Theorem [B|). Let us recall the statement 
of the theorem. 

Theorem ([A|). Suppose that / is nonwandering. Then one of the following holds: 

(1) There is k G N such that Fix(/'^) is fully essential, and f^ is irrotational; 

(2) There is k G N such that f^ is annular; or 

(3) Ess(/) is nonempty, connected, and fully essential, and Ine(/) is the union 
of a family U of pairwise disjoint open disks such that for each U € U, 
'Dili) is bounded by a constant that depends only on the period of U . 

We will use Theorem [Bj the proof of which is postponed to the next sections. 

First note that if Fix(/^) is essential for some k, then Theorem p3| applied to /'^ 
implies that either J*^ is annular, or Fix(/'^) is fully essential and f is irrotational. 
Thus to prove the theorem it suffices to consider / such that 

• /'^ is non-annular, and 

• Fix(/*'') is inessential 

for all fc e N. We will show under these hypotheses that case (3) holds. 

Claim 1. Each x e Ine(/) is contained in a bounded periodic topological disk. 

Proof. If e > is small enough, U'^ — Ufcez inessential an /-invariant. 
Let be the connected component of containing x. Since / is nonwandering 
and the components of are permuted by /, there is fc > 1 such that f''{D^) = 
and /"(-De) n = if 1 < n < fc. Then U = Fill(D,) is a periodic open disk. The 
fact that U is bounded follows from Theorem [b] applied to f^ (using the assumption 
that Fix(/'^) is inessential). □ 

Claim 2. Ess(/) is fully essential. 

Proof. Suppose not. Then Ine(/) is essential and open, and in particular Ine(/) 
contains some essential loop 7. By the previous claim and by compactness, there 
exist finitely many simply connected periodic bounded sets Ui, . . . ,Uj such that 
[7] C C/i U • • • U Uj (and we may assume that each Ui intersects [7]). Thus we may 
find Af > and m e N such that V{U,) < M and /""(J/,) = Ui for 1 < i < j. 
Let g = /"*, and choose a lift 5: — >■ of g. For each i, choose a connected 
component Ui of 7r^^([/j). Then there is Vi S 7? such that g{Ui) — Ui + Vi, and 
so g^{Ui) = Ui + nvi for n e Z. Since diam{Ui) < M, this implies that if x G Ui 
and X e TT~^{x), then ||5"(3;) — x — nv\\ < M (note that this does not depend on 
the choice of x, so we may use 2? € Ui). If we define px = Ivcun^ooijf^ {x) — x)/n, it 
follows that Px = Vi and this vector depends only on x and the choice of the lift g. 
Since this works for any a; G C/^, it follows that the map UiVJ ■ ■ ■ VJUj ^ 1? defined 
hy x ^ Px is locally constant. Since [/i U • • • U C/j is connected (because it contains 
[7] and every Ui intersects 7) it follows that px is constant on that set. Therefore 
vi — V2 = ■ ■ • = Vj, i.e. there is w G such that g{Ui) — Ui + v ioi 1 < i < j . 
Moreover, replacing g by a suitable lift of g we may assume that v = 0. 

Therefore we may assume that g{Ui) — Ui for I < i < j . Thus, if a; G [7] and 
X G iT~^{x), then ||g"(x) — a?|| < max{diam(f7i) : 1 < j < j} < M for each n G Z. 
Let us show that this implies that g — /™ is annular, contradicting our hypothesis: 
Since 7 is an essential loop, it lifts to to a simple arc 7 joining a point x G 
to a; -I- w, for some w G Z^. Let F — ljfcez[7] + Then P„i(r) C [a,b] for 
some a, 6 G M, and since F C 7r^^([7]) we also have that |i5"(a;) — x\\ < M for each 
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a; e r. If Vb is the connected component of \ F such that P^i((— oo, a)) C Vq, 
then Vq C P^i ((— od, 6)), and so 

((-oo, a - M)) C g'^iVo) C P J ((-oo, 6 + M)) 

for each fc e Z. Thus, letting V = Ufeez 5*^(^0)' have 

P;i((-oo,a-Af)) eye P;i((-oo,6 + Af)), 

and V is ^-invariant. By Proposition |1.5[ we conclude that g is annular, which is 
the sought contradiction. □ 

Claim 3. Each component o/Ine(/) is a periodic topological open disk. 

Proof. Since Ine(/) is inessential, if [/ is a connected component of Ine(/) then U 
is inessential and /'^-invariant for some k (because / is nonwandering and Ine(/) is 
invariant). It follows that Fill(J7) is open, inessential, filled (thus a topological disk) 
and /'^-invariant. Thus Fill(t/) C Ine(/), and since it is connected and intersects 
U, it follows that Fill(C/) — U, proving the claim. □ 

Claim 4. For each fc G N there is Alk such that every connected component U of 
Ine(/) such that f^{U) = U satisfies V{U) < M^. 

Proof. This is a direct application of Theorem [b] to Z*^, since we are under the 
assumption that f^ is non-annular and Fix(/'^) is inessential. □ 

This last claim concludes the proof of Theorem |^ □ 

Corollary 2.2. ///; — !■ T'^ is homotopic to the identity, nonwandering and 
strictly toral (i.e. cases (1) and (2) of Theorem^^do not hold), then 

• for any essential point x, if U is a neighborhood of x then the set U' = 
UnGZ-^"(^) connected and fully essential; 

• Ess(/'=) = Ess(/) for all fc e N. 

Proof. It follows from Proposition 1.4 4| that U' is fully essential. Since the con- 



nected components of U' are permuted by /', they are all homeomorphic to each 
other, and since one of them is fully essenital, all of them must be. But two fully 
essential open sets cannot be disjoint, so there is only one component, as claimed. 

For the second claim note that Ess(/'') C Ess(/) follows directly from the def- 
inition. On the other hand if a; ^ Ess(/'^) then x E Ine(/''). This means that 
if [/ is a small enough neighborhood of x, then U' = Unez/'^"(^) inessen- 
tial, so U' C Ine(/'=). On the other hand, if i e Z then the /''-orbit of f '{U) is 
f^{U'), which is also inessential, so f^{U') C Ine(/''). This implies that [/" 
[J^ezfiU') = UnezriU) C Ine(/'=). But Theorem |a| applied to /'= implies 
that Ine(/'^) is inessential, so that U" is inessential as well, and we conclude that 
x € Ine(/). Therefore, Ine(/'^) C Ine(/), and so Ess(/'^) D Ess(/), completing the 
proof. □ 

2.2. Proof of Theorem [cj Assume that /: — > is a nonwandering homeo- 
morphism homotopic to the identity, / is a lift of / to K^, and p(/) has nonempty 
interior. This implies that / is stricly toral, so that only case (3) in Theorem |A] 
holds. ^ 

Recall that £{f) as the set of all a; e such that p(f, U) is a single vector of 
Q2 for some neighborhood U of x, and C(/) = \ f (/). 

We want to show that 
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(1) C(/) = Ess(/), which is a fuUy essential continuum and £{f) — Inc(/) is a 
disjoint union of periodic bounded disks; 

(2) Ess(/) is externally transitive and sensitive on initial conditions; 

(3) For any x G Ess(/) and any neighborhood U of x, Conv(p(/, [/)) p{f)] 
Let us begin with the following 

Claim. For any x € Ess(/) and any neighborhood U of x, Conv(p(/, U)) — p{f). 

Proof. Recall from |MZ89| that p{f) is convex, and if w e p{f) is extremal (in the 
sense of convexity) then there is at least one point z G such that (/"(z) — z)/rt — > 
as n — > oo. Let x £ Ess(/), and suppose for contradiction that Conv(p(/, [/)) ^ 
p{f) for some neighborhood U of x. Since the two sets are convex and compact, and 
Conv(p(/, ?7)) C p{f), this implies that there is a direction w e such that < 
supP^(/9(/, ?7)) < supF„(p(/)). We will show that this is not possible. Observe 
that there must be an extremal point v e p{f) such that Pw{v) — srrp Pjjj{p{f)). 
Since v is extremal, as we mentioned there exists z e such that {f^'-{z)~z)/n v 
as n — > oo. 

Since U is essential, U' = Unez/"(^) open, invariant, fully essential and 



connected (by Corollary 2.2). This implies that 7r(z) is contained in some closed 
topological disk D such that dD C U'. Since d D is compact, there is TV e N 
such that d D C UiL-w /*(^)- Let D be the connected component of Tr^^{D) that 
contains z. Since Pw{{f"'{z) — z)/n) — >■ Pw{v) as n — >• oo, if z„ G d D is chosen as 
the point on the straight line that contains z and f^{z) such that -Piu(/"(z„)) is 
maximal, then 

Pwirizn) ~ Zn)/n > PUriz) - z)/n - diam{P^{D))/n P^v). 

Let K be such that ||/(y) — < K for all y e (such K exists because / — Id 
is Z^-periodic). Note that ||/"(y) — y|| < nK. Thus we may choose a subsequence 
(ni)igN such that ni — > oo and (/"'(^nj — z^^^jui converges to some limit v' 
with ||w'|| < and from our previous observations Pw{v') > Pw{v). But also 
PwW) < -P-uj(w), since we chose v such that Pw{v) = sup P^{p{f)). Therefore 
Pwiv') = P^{v). 

Observe that since 7r(z„J e 9-D, we know that there is fc^ € Z with —N < ki < N 
such that f''^{'K{zn-)) & U, so that if we let Xi — f^^i (zm) then Xi £ 7r^^{U). Thus, 
letting rui — Ui — ki, we have 



> V 



because Ui — ?> oo, while \ki\ < N and ||Pu,(/^'(z„.) — z„.)|| < kiK < NK for all n G 
N. By definition, this means that v' E p{f, U). Since we already saw that Pw{v') = 
Pw{v) — sup Pit, (p(/)), this contradicts our assumption that sup Pw{p(f ,U)) < 
supP-ii,(p(/)). This completes the proof of the claim. □ 

To prove (1), observe that from the previous claim follows immediately that 
Ess(/) C C{f). Thus, we need to prove that C{f) C Ess(/), or which is the same 
that Ine(/) C £{f)- Let x e Ine(/) then by Theorem [A] the connected component 
U of Ine(/) that contains a; is a bounded periodic disk, so that f^{xa) = xq for 
some fc e N. Thus if J7 is a connected component of n^^{U), there \s v €l? such 
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that f^{U) ^U + v. This impUcs that ||7"'^'(^) - z- nv\\ < diani(C/) for all z eU, 
so we easily conclude that p{f^, U) — {«}, and then p{f , U) — {v/k} C Q^. This 
shows that x e £{f), as we wanted. 

Therefore, we have proved (1) (since the claims about Ess(/) hold by Theorem 
A| ), and note that the previous claim together with (1) implies (3). 

To prove (2), observe that the external sensitivity on initial conditions follows 
easily from (3), since it implies that if f/ is a small ball around x G C(/), and if U 
is a connected component of 7r~^(/7), then diam(/"(t/)) — )• cjo as n ^ oo. To prove 
the external transitivity, let C/i, U2 be open sets in intersecting C{f ) = Ess(/). 

2.2 U[ = Unez/^C-^i) ^'^V essential and invariant, for 
ly essential sets must intersect, so there are ni,n2 G Z such 
that /"i(C/i) n rHU2) ^ 0, so that /"(C/2) n C/i 7^ 0, for m = - rii G Z. This 
completes the proof. □ 



Then from Corollary 
i G {1, 2}. But two fu 



2.3. Proof of Theorem [DJ Let / be homotopic to the identity, nonwandering 
and strictly toral, and let / be a lift of / to M^. We want to prove 

(1) Any rational vector of p{f) that is realized by some periodic point is also 
realized by a periodic point in Ess(/)). 

(2) If /i is an ergodic Borel probability measure p with associated rotation 
vector Pf_i(f) ^ Q^, then p is supported on Ess(/). 

We begin with (2): let p, be an /-ergodic Borel probability measure and v — 
Pfiif) ^ Q^- For /i-almost every point x £ T'^, we have that ii x E tt^^{x) then 



(/"(x) — ir)/n — T' w as n — >■ 00 (see { 1.2). Since v ^ Q^, this implies that tt{x) E 
Ess(/), since otherwise by Theorem |A| it would belong to some periodic bounded 
disk U, and that would imply that p{x) E (as in the proof of (1) in the previous 
section). Thus we conclude that /i-almost every point is essential. Since Ess(/) is 
closed and invariant, it follows that the support of p is in Ess(/), proving (2). 
To prove (1) we will use a Lefschetz-Nielsen type index argument. Let v — 

{pi/q,P2/q) e n p{f) with pi,p2,q coprime. Let g = P and g = ft - {pi,p2) 
(which is a lift of g) . Recall that z e is a periodic point realizing the rotaiton 
vector V (for /) if for any z E 7r^^(z) one has f^^z) — 'z — v. This is equivalent 
to saying that g^z) — z. Therefore, to prove (1) we need to show that if Fix(5) 



is nonempty, then 7r(Fix(g)) intersects Ess(/). By Corollary 2.2 we have that 
Ess((/) = Ess(/'^) = Ess(/). Thus we want to show that if Fix(5) is nonempty then 
its projection to contains a point of Ess(g). 

Suppose on the contrary that K := 7r(Fix(g)) C \ae{g). Since K is compact, 
there are finitely many connected components Ui, . . .Uk of lne{g) such that K C 
Ui U ■ ■ ■ U Uk- Note that each Ui is an open topological disk, and we may assume 
that each Ui intersects K C Fix{g), so g{Ui) = Ui for each i. 

We claim that Fix{g) Ci Ui C if for each i E {1, . . . ,k}. Indeed, suppose x E 
Fbc{g) n Ui, and choose a connected component Ui of Tr^^{Ui). If {xn)ne'M is a- 
sequence in Ui such that x„ — >■ 2; as n — 00, and if Xn & 7r~^(a;„) n Ui, then 
the fact that diam(J7i) < 00 implies that we may find a sequence (ni)„gN with 
Ui CO such that Xn. converges to some limit x E cl{U) as i — > 00. Thus tt{x) — 
lim,;_i.oo ''■(xn.) = X, and since x E Fix(g) it follows that 'g(x) — x + w for some 
w E 1? ■ But cl(J7) is bounded and ^-invariant, and since g"(x) = + nw we 
conclude that w — Hence x E Fix(^), and x E K, proving our claim. 
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In particular, since K C UiU- ■ -UUk, we have that d Ui contains no fixed points of 
g. Since g is nonwandering, using a classic argument of Cartwright and Littlewood 
and the prime ends compactification of C/^, one may find a closed topological disk 
Di C Ui such that Fix((7) OUi C Di and the fixed point index of g in Di is I (this is 
contained in Proposition 4.2 of [KorlOj ). Thus we can cover K = ¥\K{g) n [Ui U • • • U 
Uk) with finitely many disjoint disks Di, . . . such that the fixed point index of 
g on each Di is 1. Note that if is a Nielsen class of fixed points (that is, it consists 
of all points which are lifted to fixed points of a same lift g of g). We have just 
showed that the fixed point index of the Nielsen class K is exactly fc > 1 (one for 
each disk Di, and there is at least one such disk). On the other hand, it is known 
(see, for instance, |Bro71| ) that the fixed point index of a Nielsen class is invariant 
by homotopy, and since / is homotopic to a map with no fixed points, the index 
should be 0. Thus we arrived to a contradiction, completing the proof of (1). □ 

2.4. Proof of Corollary [e} Let /: — >■ is a homeomorphism homotopic to 
the identity, and suppose / is not transitive. We want to show that one of the 
following holds: 

(1) There is a wandering open set; 

(2) Fix(/*'') is fully essential, for some fc g N; 

(3) is annular for some fc e N; 

(4) There is a periodic hounded open topological disk. 

Assume that neither one of (1), (2) and (3) hold. In particular, / is nonwandering 
and strictly toral; thus Theorem |A] tells us Ine(/) is a disjoint union of bounded 
periodic disks. Hence to show that (4) holds it suffices to prove that Ine(/) is 
nonempty. Note that the proof of external transitivity of Ess(/) given in the proof 
of Theorem [C] works in the general case where / is strictly toral (without assuming 
anything about the rotation set). Hence Ess(/) is externally transitive; but if 
Ess(/) = that would imply that / is transitive, countradicting our hypothesis. 
Thus Ine(/) is nonempty, as claimed, and case (4) holds. □ 

3. BROUWER theory and GRADIENT-LIKE FOLIATIONS 

Let S be an orientable surface (not necessarily compact), and let T — (/t)tg[o,i] 
be an isotopy from /g = Idg to some homeomorphism /i = /. If tt: — >■ S" is the 
universal covering of S, there is a natural choice of a lift f : S ^ S oi f: Letting 
^ = (/t)te[o,i] be the lift of the isotopy I such that /o = Idg, one defines f — fi- 
The lift / has the particularity that it commutes with every Deck transformation 
of the covering. 

A fixed point p of / is said to be contractible (with respect to the lift /) if the 
loop (/t(p))tg[o,i] is homotopically trivial in S. This definition does not depend 
on the isotopy, but only on the lift f. In fact, it is easy to see that the set of 
contractible fixed points of / (with respect to I coincides with 7r(Fix(/)). 

Given an oriented topological foliation of S, one says that the isotopy I is 
transverse to J- if for each a; G 5, the arc ift{x))xeio,i] is homotopic, with fixed 
endpoints, to an arc that is positively transverse to JF in the usual sense. In this 
case, it is also said that T is dynamically transverse to I. 

The following is one statement of the equivariant version of Brouwer's Plane 
Translation Theorem: 
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Theorem 3.1 (Le Calvez |LC05| ). // there are no contractible fixed points, then 
there is a foliation without singularities J- which is dynamically transverse to X. 

Since the set of contractible fixed points is usually nonempty, one needs some 
additional modifications before using the previous theorem. This is done using a 
recent result of O. Jaulent. 

Theorem 3.2 (Jaulent, [Jaullj ). Given an isotopyl — (/t)te[o.i] from the identity 
to a homeomorphism f : S ^ S , there exists a closed set X C Fix(/) and an isotopy 
= (/t)«e[oa] from lds\x to f\s\x ■ S\X ^ S\X such that 

(1) for each z (E S \ X, the arc {f^{z))te[o.i] is homotopic with fixed endpoints 
(in S) to {ft{z))te[Q,i]; 

(2) there are no contractible fixed points for f\s\x with respect to T' . 

Remark 3.3. Due to the latter property, Theorem |3 . 1 [ implies that there is a foliation 
Fx on S\X that is dynamically transverse to I'. 

Remark 3.4. If X is totally disconnected, one can extend the isotopy T' to an 
isotopy on S that fixes every element of X] that is, f't{x) = x for each x & X 
and t €E [0, 1]. Similarly, the foliation !Fx can be extended to an oriented foliation 
with singularities F of 5, where the set of singularities Sing(J^) coincides with X. 
Moreover, after these extensions, if we consider the respective lifts I = (/t)tG[o,i] 

and X' = (/t)tG[o,i] ^ ^'^'^ ^' s^*^^ fo = fo = Idg, then /( = /i. This follows 
from the fact that if z S S\X, then ift{z))te[o,i] is homotopic with fixed endpoints 
in S to {ft{z))te[o.i]i so that the lifts of these paths with a common base point z 
must have the same endpoint as well. 

Remark 3.5. In the previous remark, if F is the lift of the extended foliation F 
(with singularities in X = Tr~^{X)), then •^l5\7r-i(x) dynamically transverse to 
X'; i.e. for any ^ G S \ X the path {fi{z))telQ,i] homotopic with fixed endpoints 
in S* \ X to an arc 7 positively transverse to J-. In fact we know that, if z = t^Cz), 
then (/t (-z))te[o,i] is homotopic with fixed endpoints in S'\X to an arc 7 positively 
transverse to F. The homotopy between (/t (z))te[o,i] 7 can be lifted to a 
homotopy (with fixed endpoints, in S\ X) between (/t (^;))te[o,i] and the lift 7 of 7 
with base point z. One easily verifies that 7 is positively transverse to J-. 

3.1. Positively transverse arcs. Let us state some general properties of dynam- 
ically transverse foliations that will be used in the next sections. This proposition 
is analogous to part of Proposition 8.2 of |LC05) . with small modifications. 

Proposition 3.6. Suppose S is an orientable surface, X — ift)te[o.i] 0,^1 isotopy 
from the identity to a homeomorphism / = /i without contractible fixed points, 



and J- a dynamically transverse foliation as given by Theorem 3. 1 The following 
properties hold: 

(1) For any n G N and x €z S , there is a positively transverse arc joining x to 

r{x). 

(2) // x and y can be joined by a positively transverse arc, then there are neigh- 
borhoods V of X and V of y such that every point of V can be joined to 
every point of V by a positively transverse arc; 
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(3) If X is nonwandering, then there is a neighborhood ofV of x such that every 
point of V can be joined to every other point ofV by a positively transverse 
arc. 

(4) If K d S is a connected set of nonwandering points, then any point of K 
can he joined to each point of K by a positively transverse arc. 



and 



3.5 



Re mark 3.7. Note that this proposition remains true in the context of Remarks |3.4| 
if one works in S\X ov S\X with the corresponding fohations. 



Proof. The first claim is a consequence of the transversahty of the fohation: we 
know that any z € S can be joined to f{z) by some positively transverse arc 7^, 
and so 7" — * lf(x) * • • • * lf^-^{x) is a positively transverse arc joining x to 

r{x). 
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Figure 1. Proofs of (2) and (3) 



To prove (2) it suffices to consider flow boxes of T near x and y (see the left side 
of Figurejl]). Similarly, to prove (3) it suffices to show that if x is nonwandering then 
there is a positively transverse arc joining x to itself (see the right side of Figurejl]). 
Observe that due to (1) and (2), we can find neighborhoods V of f~^{x) and V' 
of X such that every point of V can be joined to every point of V' by a positively 
transverse arc, and reducing V' if necessary we may also find a neighborhood V" of 
f{x) such that every point of V can be joined to every point of V" by a positively 
transverse arc. Since x is nonwandering, we can find y Cz V so close to x that 
f{y) e V" and such that f^{y) € V D f{V) for some n > which we may assume 
large. Thus we can find a positively transverse arc from x € V' to /(y) € V", 
another from f{y) to f^^^{y) (namely, 7j(~p7 and a third one from f"'^^{y) £ V 
to x G V . Concatenation of these arcs gives a positively transverse arc from x to 
itself, as we wanted. 

Finally, to prove (4), fix a; G K and let W be the set of all endpoints of positively 
transverse arcs starting at x. It follows from (2) and (3) that W is open and 
contains x. Moreover: f{W) C W. Indeed, if y G W, it follows from (2) that there 
are neighborhoods V oi y and V' of f{y) such that every point of V is joined to 
every point of V by a positively transverse arc. Since y £ W there is z & V CiW 
so close to y that f{z) G V , and so there is a positively transverse arc from x to z 
and another from z e V to f{y) e V . Concatenating these two arcs we conclude 
that f{y) € W, as claimed. Thus f{W) C W). 

We claim that dW does not intersect K: Suppose z G dW. Then as we just 
showed, f{z) e W, and so /^(z) e f{W). Thus if Z is a small enough neighborhood 
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of z one has j{Z) n Z = and /^(Z) C /(W^). Since /(PF) is forward invariant, it 
follows that f''(Z) n Z = for all k £ N, and so Z is a wandering neighborhood of 
z. But then z ^ K, as we claimed. But K O dW = implies that K is contained 
in a connected component of S' \ 9 W. Since K intersects W, we conclude that 
K C W. This shows that there is a positively transverse arc from x to any other 
point of K, and since x was arbitrary, this completes the proof of (4). □ 

3.2. Gradient-like foliations. Let T be an oriented foliation with singularities of 
such that Sing(J^) is totally disconnected. A leaf F of is a connection if both 
its w-limit and its a- limit are one-element subsets of Sing(J^). By a generalized 
cycle of connections of T we mean a loop 7 such that [7] \ Sing(J^) is a disjoint 
union of regular leaves of T that are traversed positively by 7. 

Using the terminology of Le Calvez |LC05| . we say that a loop S in is a 
fundamental loop for if S can be written is a concatenation of finitely many loops 
ai, . . . ,an with a common base point zo such that, denoting by a* G _ff^(T^, Z) ~ 
the homology class of ai, 

• each loop ai is positively transverse to 

• E"=i = 0, and 

• for each k G H^{T^,Z) there are positive integers fci,...,fc„ such that 
Er=i kra* = K. 

It is easy to see that if E is a fundamental loop, then \ [E] is a disjoint union 
of open topological disks. 

If there exists a fundamental loop E for J^, we say that J-' is gradient-like. The 
key properties about gradient-like foliations that we will use are contained in the 
following 

Lemma 3.8. If T is a gradient-like foliation, then 

(1) every regular leaf of is a connection, 

(2) there are no generalized cycles, and 

(3) there is a constant M such that 'D{T) < M for each regular leafT. 

Proof. We outline the proof, since the main ideas are contained in §10 of |LC05j . 
The difference here is that we do not have finitely many singularities. Let E be 
a fundamental loop with base point Xq as defined above, so \ [E] is a disjoint 
union of simply connected open sets. After a perturbation of the arcs ai to put 
them in general position, one may assume that \ [E] has finitely many connected 
components, so it is a disjoint union of finitely many topological disks {-Di}i<i<fc. 

A function A is then defined on \ [E] by fixing a point zq G \ [E] and letting 
h.{z) be the algebraic intersection number ct A E of any arc a joining zq to z with E. 
This is independent on the choice of cr, because E* — 0. The function A is constant 
on each disk Di, and it has the property that if a is an arc joining z G \ [E] to 
z' € \ [E], then cr A E = A(z') - A(z). Note that A attains at most k different 
values (one for each disk Di). The fact that E is positively transverse to F implies 
that if r : M is any leaf of J", then the map t >-)■ A(r(t)) (defined for aU t such 

that T{t) ^ [E]) is non- increasing, and it decreases after each t such that T{t) € [E]. 

The proof of part (i) in Proposition 10.4 of |LC05| shows that F has no closed 
leaves: Suppose F is a closed leaf of F, and let z be a point of F. Since there are no 
wandering points, by Proposition |3.6| there is a positively transverse loop 7 based 
in z. This implies that F A 7 < 0. On the other hand, there exist positive integers 
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ai, . . . , a„ such that —7* = aial + • • • + a,ia* , so that letting 7' — * • • • * a^" 
one has r A 7' = r A (-7) = -F A 7. Thus 

0>rA7 = -rA7' = -{aiT A ai -\ h a„r A q;„) > 0, 

where the latter inequality holds because is a positively transverse arc and is 
a positive integer, for each i. This contradiction proves that J- has no closed leaves. 

To show that there is no cycle of connections, first observe that by definition 
if there is a cycle of connections, it contains a simple cycle of connections; that 
is, a simple loop F such that [F] \ X consists of leaves of J- with their orientation 
matching the orientation of F. But then, choosing z G [F] \ X we can repeat 
the previous argument by finding a positively transverse loop 7 based in z, and 
obtaining the same contradiction as before. This proves (2). 

Recall that if F: E ^ TMs a leaf of J", the map i h-> A(F(t)) defined on M \ 
F^^([I]]) is non-increasing, and it decreases after each t such that F(t) e [E]. Since 
A attains at most k different values (one for each disk Di), it follows that F interscts 
S at most at k points. 

Let be the lift of to M^, and for each i, let Di be a connected component 
of 7r~^{Di), and let B = {Di + v : v E Z^, 1 < i < k}. Then from the previous 
paragraph follows that any regular leaf F of intersects at most k + 1 elements of 
B. Let d — max{diaml)i : 1 < i < k}. Note that diam(Z?) < d for each D E B. We 
conclude from these facts that diam(F) < M ^ {k + l)d, proving part (3). 

Finally, part (1) follows from the following version of the Poincare-Bendixson 
Theorem, which is a particular case of a theorem of Solntzev [Sol45j (see also 
|NS89l §1.78]) and can be stated in terms of continuous flows due to a theorem of 
Gutierrez [Gut 79] . 

Theorem 3.9. Let (f> — {(j)t}t£Ts. be a continuous flow on with a totally discon- 
nected set of singularities. If the forward orbit of a point {(f>t{z)}t>Q is bounded, 
then its uj-limit uJip{z) is one of the following: 

• A singularity; 

• a closed orbit; 

• a generalized cycle of connections. 

Since, being an oriented foliation with singularities, F can be embeded in a flow 
(see jWhi33|, IWhi41j ). we may apply the above theorem to F. Since F has no 
generalized cycle of connections or closed leaves, neither does J", and we conclude 
that the oj-limit of every bounded leaf of is a singularity (and similarly for the 
a-limit). Since we already showed that every leaf is bounded, this proves (1), 



completing the proof of Lemma 3.8 □ 



3.3. Existence of gradient-like Brouwer foliations. Throughout this section 
we assume that / is a homeomorphism of isotopic to the identity and / is a lift 
of / to such that Fix(/) is totally disconnected, hence so is 7r(Fix(/)). 

We observe that there exists an isotopy from the identity to / that lifts to an 
isotopy from IdR2 to /: indeed, it suffices to choose any isotopy (/t)tg[o,i] from the 
identity to / and its lift (/t)te[o,i] such that /o = IdR2. Noting that there is some 
V El? such that / — /i = w, the isotopy from Idfa to / lifted by (/i + <w)tg[o,i] has 
the required property. 



20 



ANDRES KOROPECKI AND FABIO ARMANDO TAL 



The next proposition is a direct consequence of Theorem |3.2| and the remarks 
that follow it. 

Proposition 3.10. There exists an oriented foliation with singularities J- of T'^ 
and an isotopy X = (/t)te[o,i] from the identity to f such that 

. Sing(J-) C 7r(Fix(7)), 

• I lifts to an isotopy from ld^2 to f , 

• J- is dynamically transverse to X, and 

• X fixes the singularities of J- . 



Let T be the foliation from Proposition 3.10 Recall that for a loop 7 in T , 7* 
denotes its homology class in iJi(T-^,Z) ~ T? . Fix z e \ X, and consider the set 
C{z) of all homology classes k e iJ^(T^,Z) such that there is a positively transverse 
loop 7 with 7* = K. Identifying i/^(T^,Z) with 1? naturally and choosing 2" S 
7r~^(z), we see that C{z) coincides with the set of all v ^1? such that there is an 
arc in M'^ positively transverse to the lifted foliation T joining z to z + v. Note that 
C(z) is closed under addition: \ivj,w ^ C(z) then u + w g C(z). 

The next proposition is contained in Lemma 10.3 and the first paragraph after its 
proof in jLCOSI . The proof given there works without modifications in our context. 

Proposition 3.11. // / is nonwandering and the convex hull of C{z) is for 
some z G T^, then there is a fundamental loop. 

Remark 3.12. Note that is the convex hull of C(z) if is in the interior of the 
convex hull of C(z), due to the fact that if w S C(z) then nv G C(z) for any n G N. 
Moreover, to show that the convex hull of C{z) contains in its interior it suffices 
to find n positively transverse loops 71, . . . ,7„ (not necessarily with base point z) 
such that is in the interior of the convex hull of {jl, . . . , 7*}. In fact, note that 
if z ^ X, then using the fact that / is nonwandering and \ X is connected, 
Proposition |3.6| implies that for each i we may find positively transverse arcs Ui 
from z to 7i(0) and a' from 7i(0) to z. For m G N, define iji^m = cfi * 7^"^ * ct- 
for 1 < i < n. Then 77^ ,„ is a positively transverse arc with base point z, and 
Vim — (^i * ^D* + "^72* = Wi+ rwy* where Wi is independent of to. Since is in the 
interior of the convex hull of {7* : 1 < i < n}, choosing m large enough it follows 
easily that is in the interior of the convex hull of {rji^m : I < i < n} C C{z), as 
claimed. 

4. Linking number of simply connected open sets 

In this section we assume that X = (/t)te[o,i] is an isotopy from IdR2 to a home- 
omorphism /: — >■ E^, and X is a closed set of fixed points of the isotopy X, i.e. 
ft{p) = p for aU t G [0, 1] and p€ X. 

4.1. Winding number. Given z G E^ and an arc 7: [0, 1] — > E^ such that z ^ [7], 
we define a partial index as follows: consider the map 

[0,1] ^SS\ ^it) = -A^ 

and let [0, 1] E be a lift to the universal covering, so that e^'^^*^*^ = Then 
we define 

/(7,z) = e(l)-e(0). 
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This number does not depend on the choice of the lift ^ or the parametrization of 
7 (preserving orientation). If 7 is a loop, then 1(7, z) is an integer and coincides 
with the winding number of 7 around z. If 7 and 7' are arcs with 7(1) — 7'(0) and 
z ^ [7] U [7'], then 

7(7 * 7', z) = /(7,z) +/(7',z). 
Additionally, 1(7, z) is invariant by homotopies in \ {z} fixing the endpoints of 
7. A simple consequence of this fact is that if 1(7, z) and 7 is closed, then z 
must be in a bounded connected component of \ [7] . 

4.2. Linking number of periodic points. 

Notation 4.1. Given z E M^, we denote by 7z the arc {ft{z))teio,i], and for n eN 
we define 

7? = lz*lf{z) * ■ ■ • * 7/"-l(^)• 
If j3 G AT (so p is fixed by I) and g is a periodic point of /, then we define the 
linking number I^iqjP) S Z as follows. Let k be the smallest positive integer such 
that f^{q) — q. Observing that 7^ is a loop, we let 

/j((7,p) =/(7^p). 

We will extend this definition, considering a periodic (possibly unbounded) sim- 
ply connected set instead of the periodic point q. 

4.3. Linking number of open periodic simply connected sets. 

Definition 4.2 (and Claim). Suppose [/ C is a simply connected /-periodic 
open set and p E X \ U is given. Let k be the smallest positive integer such that 
f^{U) = U. Fix z E U, and let cr^ be an arc contained in U and joining f^{z) to z. 
The linking number of U and p is defined as I^iUjp) = * (Jz,p). This number 
does not depend on the choice of z or the arc cr^ in U. 

Proof of the claim. First observe that I^iUjp) does not depend on the choice of cr^ 
because if tr^ is any other arc in U joining f^{z) to z, then /(cr^ * {—a'^),p) = 
becausep ^ U, and U is simply connected. Thus I{j^*az,p) = I{j^,p)+I{(7z,p) = 
lijz^P) + H'^z,P) = *'^'ziP) as required. 

Now let z' be another point in U, and fix an arc 77 in [/ joining z to z' . We 
use the notation 7f{t) — '7|[o,s](sO (so ^f is the sub-arc of ry from 77(0) to rj{s)). 
Letting a^' — (— / ° rj) * * rj, which is an arc in U joining / (z') to z', we have 
a homotopy 




from 7^' * (Tz to 7^/ * az' in M.'^ \ {p}, and therefore 

I{lz*<^z,p) = /(7z' *crz',p), 
proving the independence on the choice of z. □ 

As a consequence of the independence on the choice of z or az in the previous 
definition, using we obtain the following 

Proposition 4.3. Let U be the set from Definition \4-S\ and suppose that there 
is q E U such that J^{q) — q (where k is the smallest positive integer such that 
P{U) = U). Then I^lJJ.p) = /j((;,p) = I{%,p) for anypEX\U. 
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The proof is immediate by using z — q and the constant arc ^^(t) = z in 
Definition l42l 

4.4. A linking lemma. The following lemma is key in the proof of Theorem [B] 
it is particularly useful when working with a gradient-like Brouwer foliation. Note 
that we are not assuming in this section that / is a lift of a torus homeomorphism. 

Lemma 4.4. Let L/ C be an open simply connected f -periodic set, and assume 
that there are no wandering points of f in U . Let T be an an oriented foliation 
with singularities o/M^ such that X = Sing(J^) and for each 2 G \ X , the arc % 
is homotopic with fixed endpoints in M.'^ \ X to an arc positively transverse to the 
foliation. 

Suppose T is a leaf of T joining p ^ X\\J to q £ X \ U and intersecting U. 
Then either Ij{U,p) 7^ or Ij^iU, q) ^ 0. 

Proof. Let A be the annulus obtained by removing the points p, q from the one-point 
compactification E^U{oo} of E^; that is, A — IR^U{cx)}\{p, q}, and let r: ^ — A be 
the universal covering. Note that the isotopy I\^2\^^p^q^ extends to A by fixing the 
point at c», and this extension lifts to an isotopy I = {ft)te[Q,i\ from Id^ to some 
map f — fi, which commutes with the group of covering transformations Deck(r). 
The foliation J^|r2\{p^^} also extends to A by adding a singularity at 00, and this 
extension lifts to a foliation T oi A with singularities in X = T~^{XU{oo}\{p,q}). 

Because is dynamically transverse to I, one easily sees that T is also dynam- 
ically transverse to I; i.e. , if z G A is not fixed by I, then the arc {ft{z))te[o.i] is 
homotopic with fixed endpoints in A \ X, to an arc positively transverse to J-. 

Let U he a connected component of t^^{U). Then U is simply connected, 
and T\fj is injective. Moreover, f^{l}) — TU for some covering transformation 
T e Deck(r), where k is the least positive integer such that f^{U) — U . 

We will show that T ^ Id. Suppose for contradiction that f^[U) — U. Let 
z S [7] n cl(t/), choose z e t^^(z), and let F be the leaf of through z (so that 
t{T) = r). From the fact that the cj-limit and a-limit of F are q and p, respectively, 
it follows that F is a proper embedding of M in ^ ~ E-^. Thus A\ [F] has exactly two 
connected components, and the fact that T is dynamically transverse implies that 
F is a Brouwer line; i.e. , /(F) and /"-'^(F) belong to different connected components 
of ^ \ [F] . This implies that one of the connected components V oi A \ [F] satisfies 
f{c\V) C V. It follows from this fact that every point of [F] is wandering for /; 
in particular z is wandering for /, so there is a neighborhood W of J such that 
/"(V) n = for aU n e N. But t(W) n C/ 7^ 0, because z = t{T) € dU; thus we 
can find T e Deck(T) such that T'U r\W ^ % (see Figure [2|. Since / commutes 
with the Deck transformations, it follows that f^iT'U) = T'C/, and since T|^,j-^ 
is injective and f^ has no wandering points in [/, we conclude that f^ has no 
wandering points in T'U , contradicting the fact that [/ n 7^ 0. 

Thus T 7^ Id. Fix z E U, and as in the previous section, let 7^ denote the loop 
(/(z))tg[o,i] and 7I = 7?*7/(^) ' "*^f''-i{i)- Choose any arc in TU joining /''(z) 
to Tz. Then letting z — t(z) and — t oa^, it follows that r o (7I * CTz) = 7^ * (T^ 
is a homotopically nontrivial loop in A, since it lifts to a loop joining z to Tz. Of 
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Figure 2. Proof of Lemma [44l 



course it is still liomotopically nontrivial in A\ {00} = M'^ \ {p, q}. This means that 
7(7^ * CTzjP) ^ or 7(7^' * cr^, g) 7^ 0. Since CTz is an arc in U joining f^{z) to z, it 
follows from the definition that I^iU^p) 7^ or IjiU, q) 7^ 0, as claimed. □ 

Remark 4.5. Looking at the above proof in more detail, one may conclude the 
following more precise statement: There is fc > such that I{p, U) + /(g, U) = k. 
To see this, we may choose a simple loop a in that bounds a disk containing p 
but not q, with a oriented clockwise, as a generator of Deck(A). That is, we may 
assume that Deck(yl) = {T^ : k e Z} where Tq is a covering transformation of r 
such that To(q;(0)) = 5(1), where a is any lift of a to A. Further, we may choose 
a such that it is positively transverse to F. In this setting, when we conclude that 
T 7^ Id in the proof above, the orientation of F (from p to q) implies that T = Tq 
for some fc > 0. Therefore the loop 7*^ * Cz is honiotopic to a'' in A, so that 
1(7'^ *az,p) + * (Tz, q) = I{ct'' ,p) + 1 {a'' , q) . One can conclude easily from this 
fact that I{p, U) + I{q, U) = k. 

4.5. Application to gr adie nt-like foliations. Let us assume in this subsection 
the same hypotheses of ^3.3 i.e. /: — T'^ is a nonwandering homeomorphism 



homotopic to the identity with a totally disconnected set of fixed points and / is a 
lift of /. Let and I be the oriented foliation with singularities and the isotopy 
given by Proposition |3.10[ so that 

• Sing(J-) C 7r(Fix(7))^ 

• I lifts to an isotopy 2 = (/t)te[o,i] from IdR2 to /, 

• is dynamically transverse to I, and 

• I fixes the singularities of (and X fixes the singularities of !F) 



We assume additionally that T is gradient-like. Denote the lift of to M^, 
and let X = Sing(J"). 

Proposition 4.6. For each k G N, there is a constant Mk such that ifUciM? is an 
open simply connected f -invariant set without wandering points and diam([/) > 
Mk, then UCiX ^9. 
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Proof. Since J-' is gradient-like, there is a constant M' such that every regular leaf 
r of connects two different elements of X and diain(r) < M'. Let 

M" ^sup{\\ft{x)-Ux)\\:s,te[0,l],xe[0,l]^}. 

From the fact that / commutes with integer translations, we have that diam([7a,]) < 
M" for any xGE."^. 



Let k be the smallest positive integer such that f (U) 



U. 



1.7 



implies that has a fixed point z 



Since f \u is 



nonwandering (because f\u is). Proposition 
in U. Define 

A - {peX\C/:/j(z,p) ^O}. 

Observe that A coincides with the set of all p G X\U such that 1(7^, p) 7^ 0, which 
is contained in the convex hull of [7^]. Since diam([7^]) < X]i=o^ diam([7yi(2)]) < 
kM", we conclude that A C BkM"{z) (the ball of center z and radius kM"). 



On the other hand, by Proposition |4.3| it follows that 
A=[p^X:I^{U,p)^q]. 

Suppose that diam(J7) > Ah = 2{kM" + M'). We claim that U intersects X. 










7^ 



Figure 3. Proof of Proposition |4.6| 

Suppose on the contrary that U C\X ~ %. There is some point x e U\BkM"+M'{z), 
and by our assumption x <^ X. See Figure [sj The leaf F of through z is such 
that diam(r) < M' , and s o its endpoints are two elements oi p,q oi X\ B]~m"{z)- 
Since U C^ X = 0, Lemma 



4.4 



implies that either /j(C/,p) ^ or I^iU^q) ^ 0, so 
that either p or g is in A. This contradicts the fact that A C BkM"{z)- □ 

As an immediate consequence we have the following 

Corollary 4.7. Any f -periodic free topological disk without wandering points is 
hounded (by a bound that depends only on the period). 

Proposition 4.8. // U is an f -periodic simply connected open set intersecting X 
and there are no wandering points of f in U , then every leaf of J- that intersects U 
has one endpoint in U . 

Proof. Let k be the smallest positive integer such that f (U) — U, and let z e 



U n X. Since f''{z) — z, Proposition 4.3 implies that /j(J7,p) = I^izjp) for any 



STRICTLY TORAL DYNAMICS 



25 



p € X \U. Since z E X is fixed by the isotopy, it follows that Ij^{z,p) — and 
therefore I^iU.p) = for any p E X\U. 

Suppose that a regular leaf F of intersects J7, and let pi and p2 be the endpoints 
of r. If neither pi nor p2 is in J7, then Lemma 4.4 implies that 1^(11, pi) ^ for some 
i G {1,2}, contradicting our previous claim. Therefore, one of the two endpoints of 
r belongs to U. □ 

5. A BOUND ON INVARIANT INESSENTIAL OPEN SETS: PROOF OF THEOREM [B] 

This section is devoted to the proof of 

Theorem (|b]). // / : — )• is a nonwandering non-annular homeomorphism 
homotopic to the identity then one and only one of the following properties hold: 

(1) There exists a constant M such that each f -invariant open topological disk 
U satisfies V{U) < M; or 

(2) Fix(/) is fully essential and f is irrotational. 

Let us outline the steps of the proof of Theorem |B] First we use the fact that / 
is non-annular to show that if Fix(/) is essential, then it is fully essential, and case 
(2) holds. Next, assuming the theorem does not hold, we show that it suffices to 
consider the case where Fix(/) is totally disconnected, by collapsing the components 
of the filling of Fix(/). For such /, and assuming that there are arbitrarily 'large' 
invariant open topological disks, we show that there is a gradient-like Brouwer 
foliation associated to a lift / of /. Then we show that the invariant topological 
disks are bounded, as follows: if there is an unbounded invariant topological disk 
using the linking number defined in ^ and more specifically Proposition |4.8[ 
we have that every leaf of the foliation that intersects U has an endpoint in U. 
Using this fact and a geometric argument relying on the fact that / is non-annular, 
we are able to conclude that the boundary of U consists of singularities of the 
foliation (contradicting the fact that the set of singularities is totally disconnected). 
After this, we are able to obtain a sequence of pairwise disjoint bounded simply 
connected invariant sets with increasingly large diameter, and a variation of the 
previous argument leads again a contradiction. 

5.1. The case where Fix(/) is essential. 

Proposition 5.1. Under the hypotheses of Theorem^^ suppose Fix(/) is essential. 
Then Fix(/) is fully essential, and there is a lift f of f such that 7r(Fix /) = Fix(/) . 
Moreover, p{f) = {0} (i.e. f is irrotational). 

Proof. If Fix(/) is essential but not fully essential, then T^\Fix(/) is essential, and 
so it has some essential connected component A. The fact that Fix(/) is essential 
implies that A is not fully essential, and so it must be annular. Since connected 
components of \ Fix(/) are permuted by /, A is a fixed annular set for f'^ for 



some k > 0, and so f'^ is annular by Proposition 1.4 Moreover, since / has a fixed 
point, by the same Proposition we conclude that / is annular. This contradicts our 
hypothesis. 

Thus Fix(/) is fully essential, and there is some fully essential connected com- 
ponent K of Fix(/). Fix zq G K and let / be a lift of / such that /(zq) = for 
any zq G 7r^^(zo). We claim that tt~^{K) C Fix(/). Indeed, the map defined by 
z I— > f(z) — z for z G 7r^^(z) is well defined on and continuous, and it takes 
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integer values on K. Since it is null at zq and K is connected, it must be constantly 
zero on K. Thus K C 7r(Fix(/)) (so Fix(/) is fully essential). 

Let us prove that / is irrotational. Suppose for contradiction that p Q) ^ {0}. 
Then p[f) has some nonzero extremal point w, and so by Proposition 1.1 there 
is an /-ergodic Borel probability measure ji on such that /z-almost every point 
a; S is such that, if S e ti^^{x), then 

r{x) - X 

lim = w. 

n— i-oo n 

By Poincare recurrence, we may choose a recurrent a; e such that the above 
condition holds. Let x e 7r^^(x) and let U be the connected component of \ 



Fix(/) that contains x. From Theorem 1.8 we know that f{U) — U . Moreover, since 



Ti{U) is disjoint from A', which is fully essential, we have that 7r(f7) is inessential, 
so ■n\u is injective. Since x is recurrent, there is a sequence (n}~)ken of integers 
with lim;;_>.oo ?ifc = oo such that f^''{x) — x as fc — ^ oo. Since 7r|y is injective, 
it conjugates f\u to /|7r((7)- In particular, /"'-(x) a: as fc — t' oo. But then 

{f"''°{x) — x)/nk — ^ 7^ It; as fc — oo, contradicting our choice of x. This shows 
that / is irrotational. 

The claim that 7r(Fix(/)) = Fix(/) follows from the fact that / is irrotational: 
clearly 7r(Fix(/)) C Fix(/), and on the other hand if z e Fix(/) and z € 7r~^(z) 
then /(z) = z + w for some u G Z^. Thus (/"(z) — z)/n = + nv)/n — > w as 
n — > oo; since F is irrotational, it follows that w = 0, so that z e Fix(/). Thus 
Fix(/) C 7r(Fix(/)), completing the proof. 

□ 

Proposition 5.2. Under the hypotheses of Theorem^^ i/Fix(/) is essential, then 
it is fully essential, and for each AI > and v G there is some connected 
component U o/T^ \ Fix(/) such that DyiU) > M. 

Proof. Suppose for contradiction that there is w G and M > such that 'Dy{U) < 
M for each connected component U of \ Fix(/). By the previous proposition / 
is irrotational, and we may fix the lift / of / such that p{f) — 0. If [/ is a connected 
component of \ Fix(/), then U is inessential (because Fix(/) is fully essential 
thanks to the previous proposition), and any connected component U of Tr~^(U) is 



fixed by / (again by Theorem 1.8 since dU d Fix(/) in this case). Thus, if x e [/ 
then /"(x) e U and so |P«(7"(x) - x)| < 2M. 

For any given x € M^, either x G 7r~-'^(Fix(/)) = Fix(/) or 7r(x) is in some 
connected component of \ Fix(/) and so, as we just showed, |Pi,(/"(x) — x)| < 
2M. In any case, it follows that |Pi,(/"(x) — x)| < 2M for all x e M^, contradicting 
the fact that / is non-annular. □ 

5.2. The case where Fix(/) is inessentiaL To complete the proof of Theorem 
[B| we will assume from now on that the theorem does not hold, and we will seek 
a contradiction. Thus we assume that there exists / such that the hypotheses of 
the theorem hold but the thesis does not. The previous two propositions imply 
that Fix/ is essential if and only if case (2) of the theorem holds. Therefore, we 
may assume that Fix / is inessential and item (1) does not hold. This means that 
for any M there exists an open connected /-invariant topological disk U such that 
diam([/) > M. 
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5.3. Fixing a lift /. 

Claim 1. There is a lift f of f and a sequence {Un)nez of open f -invariant topo- 
logical disks in such that 7r([/„) is inessential and diani(J7„) oo as n ^ oo. 

Proof. Let (KjugN be a sequence of open /-invariant topological disks such that 
T^{Vn) — > oo as n — > oo. Due to Proposition 1.7 we know that each Vn contains 
a fixed point of /. Therefore for each n there is a lift /„ of / such that, if Vj[ 
is a connected component of 7r^^(y^), then /„ contains a fixed point in (and 
therefore fixes V^). Note that diam(y„) — > oo as n ^ oo. 

There are finitely many lifts of / that exhibit a fixed point. Indeed, if /' is any 
lift of /, then any other lift has the form /' + w with w € Z^. Since / is homotopic 
to the identity, {fix) — x : x <E M."^} is bounded, and so e {f'{x) -\- v — x : x & M.^} 
for at most finitely many choices of f € Z^. 

Therefore, some is repeated infinitely many times; i.e. by extracting a subse- 
quence from we may find a sequence {Un)nGN such that for some fixed lift 
/ of /, the sets J7„ are /-invariant. Since each Un projects to a topological disk on 
T^, these sets satisfy the required properties. □ 

From now on we will work with the lift / and the sequence {Un)neN from the 
previous claim. 

Claim 2. Un + v C n{f) for all n e N and v E Z'^ . 

Proof. Since 7r([/„ + v) — T:{Un) is inessential, 'it\i}^+v is a homeomorphism onto its 
image which conjugates f\uri+v to /|7r(;7„)- Since the latter is nonwandering, so is 
f\u„+v, implying that C/„ + i; C ^{f). □ 

5.4. Simplification of Fix(/). We will show that it is possible to assume that 
Fix(/) is totally disconnected, by collapsing the connected components of Fill(Fix(/)) 
to points, while keeping all the hypothesis. To do so, we need to rule out the pos- 
sibility that this process leads to a situation where there are no longer arbitrarily 
large simply connected sets. 

Claim 3. For each M e M there is an open connected f -invariant set U <Z \ 
Fix(/) such that iriU) is inessential and diam(C/) > M . 

Proof. Let U be the family of all open connected inessential subsets of T^\7r(Fix(/)) 
which are the projection of an /-invariant subset of M^. We want to show that 
suPvew ^(^) — Suppose for contradiction that ViV) < M for all V eU. 

Since diam([/„) — > oo, we may find v G such that diam(Pt, ([/„)) — > oo, 
and since we are assuming that Fix(/) is inessential, there is a simple loop 7 C 

\ Fix(/) with homology class v^, so that 7 lifts to an arc 7 joining a point zq 
to Zq -\- y-^ and disjoint from Fix(/). To simplify the notation, we will assume that 
V = (1,0) and [7] = {0} x [0,1]. The general case is analogous (in fact we can 
reduce the general case to this case by conjugating / by an appropriately chosen 
homeomorphism) . 

We will show that for any given to > we can find to pairwise disjoint subarcs 
71, . . . , 7m of 7 such that [7^] Pi /([7i]) 7^ for each i e {1, . . . , to}. This is enough 
to complete the proof of the claim, because it leads to a contradiction as follows: 
Since / has no fixed point in 7, we may choose to such that d{f{x),x)) > 1/to for 
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each X £ [7]. Since the arcs 7^ are pairwise disjoint and 7 has length 1 (because 
we are assuming it is a vertical circle), one of the arcs 7^ has diameter at most 
1/m. Since /(7i) intersects 7^, it follows that there is a point x G [%] such that 
d{f{x),x) < 1/m, contradicting our choice of m. This contradiction completes the 
proof, assuming the existence of the arcs 7^. We devote the rest of the proof to 
prove the existence of such arcs. 

Let Nq eNhe such that A^o > M, and denote T = {0} x M. If to e N is fixed 
and n is chosen large enough, then there is io such that [/„ intersects T + {Noi, 0) 
for each i g {io, ia + 1, . ■ ■ ,io + m + 1}. Fix i e N with < i < m, and let 
Pi e [/„ n (r + {No{i - 1),0)) and P2 e C/„(r + {No{i + 1),0)). Then pi and 
P2 are in different connected components of [/„ \ (F + (A*'oi,0)). From this and 
from the fact that C/„ is a topological disk, it is easy to verify that there is a 
connected component 7^ of C/„ H (F + (iVgi, 0)) that separates pi from p2 in J7„; 
that is, Un \ [7i] contains pi and p2 in different connected components Vi and 
V2, respectively. Since 7^ is a cross-cut of C/„ (i.e. a simple arc in C/„ joining two 
points of its boundary), we have [/„ \ [7^] = Vi U V2. Since Vi C C/„ intersects 
F + {No{i — 1), 0) and has a point of F + (iVoi, 0) in its boundary, it follows that 
diam(Vi) > iVo > M. Because of this, Vi cannot be contained in Un \ Fix(/): 
otherwise, the connected com pon ent of J7„ \ Fix(/) that contains Vi would be an 
element oiU (since Theorem |l.8| implies that it is /-invariant), contradicting our 
assumption that diam(y) < M for all V GlA. Hence, Vi contains a fixed point of 
/. Similarly, since V2 C C/„ intersects F + (iVo(i -I- 1), 0) and its boundary intersects 
F -|- (iVoz, 0), we have diam(V2) > Nq > M and we conclude in the same way that 
V2 contains a fixed point of /. 

Therefore f{Vi) (iVi ^ and /(l/z) ^ ^, and since Vi U V2 = C/„ \ [7,], 
it follows from these facts that /([7i]) n [7^] ^ 0. To complete the proof, observe 
that the arcs 7if,+i, . . . ,7^0+^ thus obtained project to pairwise disjoint subarcs 
71, ... , 7m of 7, because they are pairwise disjoint subarcs of 7r~^([7]) n [/„, and C/„ 
projects to injectively. □ 

Claim 4. We may assume that Fix(/) is totally disconnected. 

Proof. The previous claim implies that there exists a sequence (T^n)neN of open 
connected /-invariant subsets of M^\Fix(/) such that diam(l/„) — > 00 as n — 00 and 
Vn = TT{Vn) is inessential for each n e N. This implies that Vn C T^\Fix(/), because 
the fact that Vn projects injectively implies that any element of 7r^^(Fix(/)) n Vn 
must be a fixed point of /. 



Since Fix(/) is inessential, so is X = Fill(Fix(/)). Moreover, by Proposition 1.3 
there is a uniform bound on I?(C) among the connected components C of K. Since 
T^{Vn) — > 00, this implies that there is uq such that Vn CT'^ \ K ii n > uq 



Proposition 1.6 implies that there is a continuous surjection ft,: — > homo- 
topic to the identity and a homeomorphism /' : such that hf = f'h, and 
additionally h{K) is totally disconnected {h collapses components of K to points) 
and h\f2'yj( is a homeomorphism onto \ h{K). Furthermore, since every com- 
ponent of K contains a fixed point of /, and there are no fixed points outside K, 
it follows that h{K) ~ Fix(/'). The map /' is clearly nonwandering, and the sets 
{h{Vn))n>no providc a sequence of simply connected open /'-invariant subsets of 

\ Fix(/'). Moreover, since h is homotopic to the identity, if ft,: — > is a 
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lift of h then there is a constant M' such that \\h(x) — x\\ < M' for all x E M'^. If 
Vn is a connected component of Tr~^(Vn), then h{Vn) is a connected component of 
TT-^ih{Vn)) and 

V{h{Vn)) = diam(h{Vn)) > diam(1/„) - 2M = V{Vn) - 2M ^ oo. 

n— >-cxD 

Hence I?(Fill(/i(y„))) — > oo as n — > oo, and since Fi\l{h{Vn)) is an /'-invariant 
topological disk, we have that /' satisfies the hypotheses but not the thesis of the 
theorem. Thus, by working with /' instead of / since the beginning of the proof of 
the theorem, we may have assumed that Fix(/) is totally disconnected. □ 

5.5. Unboundedness in every direction of the sets ?7„. 

Claim 5. diam(P^ ([/„)) — >■ oo as n ^ oo for each w G Z^. 

Proof. Suppose the claim does not hold. Then there is w £ and a constant 
M such that diam(Pi,(?7„)) < AI for each n G N. We may assume that each C/„ 
intersects [0, 1]^, by replacing each C/„ with C/„ + w„ for a suitable w„ E 1? . This 
implies that Pi,(J7„) C \-M' ,M'\ where M' = M + Let 

^ = U U ^" + 

Let us first show that 

y- =p-i((_oo,-M')) and y+ p-i((M', oo)) 

are contained in different connected components of Assume for contradiction 

that there is an arc 7 joining some point of 'V~ to a point of and such that 
[7]nA — 0. Clearly 7 contains a sub-arc 7' that joins the two boundary components 
of the strip = P~^([— M', M'\) and such that [7'] lies entirely in that strip. Thus 
[7'] separates the strip, and so does [7'] + fcw for any k E Z. It follows easily that any 
connected set U such that diam(P„i ([/)) > 2 diam(P„i ([7'])) + \\v\\ must intersect 
[7'] -|- kv for some k E Z. 

But since diam([/„) 00 and diam(Pi,(t/„)) < M, we have diam(P„i ([/„)) — >■ 
00 as rt — >■ 00. Therefore we may find n such that 

diam(P,^ ([/„)) > 2diam(P„^([7'])) + \\v\\ , 

implying that U„ intersects [7'] -I- kv for some fc e Z; in other words, [7'] intersects 
Un — kvC A, contradicting our choice of 7. This contradiction proves that and 

are in different connected components of \ A. Let us call these components 

and V~ , respectively. 
Note that since each [/„ is /-invariant, we have f{A) = A, and so the connected 
components of \ A are permuted by /. The fact that f{x) — a; is uniformly 
bounded implies that /(T?+) = and 7(F~) = V~ . Since V C V" and V~ is 
disjoint from D we have 

P^i((-c^,-Af')) CV-C P;i((-oo,Af')), 



and we conclude from Proposition |1.5| that / is annular. This contradicts the 
hypothesis of the theorem, proving the claim. □ 
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5.6. Maximality and disjoint ness of J7„. 

Claim 6. We may assume that each [/„ is maximal with respect to the property 
of 7r(C/„) being open, f -invariant and simply connected (i.e. Un is not properly 
contained in a set with the same properties). 

Proof. By a direct application of Zorn's Lemma, there exists an open simply con- 
nected /-invariant set C such that 7r(C/„) C and is maximal with the 
property of being open, /-invariant, and simply connected. The connected compo- 
nent Un of 7r^^(C/,'j) that contains Un satisfies the required properties, so we may 
replace f/„ by [/„ for each n € N. □ 

Claim 7. IfUn and Um are bounded and 7T(Un)f^'^(Um) ^ themr{Un) = 7r(C/„i). 

Proof. Suppose on the contrary that 7r([/„) n TT{Um) 7^ 0, so that one can find 
w G Z2 such that U„ n {Um + w) ^ Let U = Fill(C/„ U (C/„ + w)). Then U 
is bounded (because both Un and Um + w are). Moreover, f{U) = U. We claim 
that tt{U) is inessential. Suppose on the contrary that Tr{U) is essential. Then 
there is w G such that Un{U + v) ^11). Let V = Ufcez U + kv. Then the fact 
that U is bounded implies that diamP„i(y) < 00. There is a unique component 
of \ F such that P~j^(— 00, a) C for some a G M, and another (unique) 
component W+ of \ ^ such that P~l{{b, 00)) C W+ for some 6 G M. Both W+ 
and W~ are /-invariant, due to the fact V is invariant and f{x) — x is uniformly 
bounded. Since they are also disjoint, we have 

P;i((-oo,a)) C W- cP;l{{~^,b)), 



and Proposition 1.5 implies that / is annular, contradicting the hypothesis of the 
theorem. Therefore the filled connected set U = Fill(C/„ U {Um -f w)) is a disk that 
projects to an inessential set in T^. This means that 7r(J7) is an open /-invariant 
topological disk which contains 7r([/„) and 7r([/„i)- K follows form the maximality 
of ■n{Un) and '^{Um) that 7r(C/„) = 7r(C/) = 7r([/„i), as claimed. □ 

Claim 8. We may assume that the disks (7r([/„))„gN are either pairwise disjoint 
or all equal to tt{Uo). 

Proof. Assume first that Un is unbounded for some n. Then we may assume that 
Um = Un for each to G N, and all the required hypotheses hold. Now assume that 
each Un is bounded. Since by our hypothesis diam([/„) — >■ cxd as n — > 00, for each 
n G N we may find to G N such that diam(J7m,) > dia,m{Uk) for all fc G {1, . . . , n}, 
so that Tr{Um) 7^ Tr{Uk) for all k G {1, . . ■ ,n}. Using this fact, we may extract a 
subsequence of {Un)n<£N which projects to pairwise distinct disks, and these disks 
must be pairwise disjoint due to the preivous claim. □ 

5.7. Obtaining a gradient-like Brouwer foliation. Since from Claim |4] we are 



assuming that Fix(/) is totally disconnected, by Proposition 3.10 we know that 
there is an oriented foliation T with singularities X = Sing(J^) and an isotopy 
X = (/t)te [0.1] from the identity to / fixing X pointwisc, such that I lifts to the 
isotopy I = (/t)tG[o.i] from the identity to / and such that for any z G \ X 
the arc (/t(^))tg[o,i] is homotopic with fixed endpoints in \ X to a positively 
transverse (to J^) arc. The set X = tt^^{X) C Fix(/) is the set of singularities of 
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T and is fixed by T. For each z e \ X, the arc Qt{z))t^{Q,\\ is homotopic with 
fixed endpoints in \ X to a positively transverse (to arc. 

Our purpose now is to apply Proposition 3.11| to show that T is gradient-like. 



In view of Remark |3.12[ it suffices to find wi,W2,W3,t'4 G such that is in the 
interior of the convex hull of {wi, ^2, ^3, i'4} and for each i a positively transverse 
arc 7i in \ X such that 7i(l) — 7j(0) = ^j- Indeed this would imply that C(z) 
contains in the interior of its convex hull for some z € and thus that T is 
gradient-like. 

Claim 9. For each w G there is x ^^\X and w G \ M.v such that there are 
positively transverse arcs from x to x + w and from x to x ~ w. 

Proof. Since \ X is connected, for any z e \ ^ we may find an arc 7 joining z 
to z-l-u in heiV — y}^^^jyf]+nv. By Claim [sj P„i([/„)^oo. In particular, 

given TO G N there is n = Um such that P„i (t/„) > diam(P^i (r)) + {m + l) It 
follows that Un + iv^ intersects F for at least m consecutive values of i. Thus there 
is a set {(ii,ii), . ■ . , (*m,im)} C 1? such that Un + ifef^ + jkV intersects [7] for 
1 < fc < TO and ik = io + k for some iq G Z. Choosing one point in each intersection 
[7] n {Un + ikV'^ + jkv), we get to points in [7], and so by a pigeonhole argument 
two of them must be a distance less than = \/2diam[7]/ [^/roj apart (where 
[yj is the largest integer not smaller than y). Thus one can find Xm G [7] such 
that Br^{xm) intersects Un + ikV^ + jkV for two different values of k. Note that 
this implies that Br^{xm) intersects Un + u and Un + u' for two different elements 
u, u' G such that u' — u ^Rv (because ik ^ ik' if fc ^ k'). 

Letting cc be a limit point of (xm)m6N one sees that for any r > 0, there are 
arbitrarily large values of n for which there are at least two different elements 
u, u' G Z^ such that Br{x) intersects both Un + u and Un + u' , and u' — u ^ Kv. 

In particular, since [/„ -f u C i^(/) f or al l u ^l? and n G N, this implies that x is 



nonwandering for /, so by Proposition 3.6 there is a neighborhood Vx of x such that 



every point of Vx can be joined to any other point of Vx with a positively transverse 
arc. But then we can find n G Z and u, u' G Z^ such that w = u' — u ^ Mw and 
Vx intersects both Un + u and Un + u' , so that Un + u' intersects both Vx and 
Vx + w. If zq G VJc n [Un + u') and zi G {Vx + w) C] {Un + u') then we can find 
a positively transverse arc a from x to zi because of our choice of Bx, and we 
may find a positively transverse arc a from zq G Un + u' to zi G Un + u! because 



Un + u' is connected and contained r2(/) (see Proposition 3.6). Finally, we may 
find a positively transverse arc 77 from zi — i/; G to a;, so that 77 -I- w is a positively 
transverse arc from zi to a; + {u' — u). Therefore a * a * {rj + w) is a positively 
transverse arc a from x to x + w. The same argument can be repeated in the 
opposite direction, obtaining a positively transverse arc /3 from x + w back to x, 
which translated by —w provides a positively transverse arc from x io x — w. This 
proves the claim. □ 

Claim 10. The foliation J- is gradient-like. 

Proof. Fix w G Z^ and let a; G \ X and w G Z^ \ be as in the previous claim. 
Applying the previous claim again, with w in place of u, we obtain it;' G Z^ \ Rw 
and G \ X such that there are positively transverse arcs from x' to x' + w' 
and from x' to x' — w' . The fact that w' ^ M.w implies that the convex hull of 
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{w, —w, w' , —w'} contains in its interior. Thus, as mentioned before, Proposition 
|3.11| and the remark below it imply that is a gradient-like foliation. □ 

5.8. Linking of the sets Un and points of X. Since T is gradient-like, every 
regular leaf F of connects two different elements of X and there is a uniform 
bound diam(r) < Mq. 

Claim 11. We may assume that Un^ X ^ % for each n e N. 



Proof. By Claim [2] [/„ has no wandering points. By Proposition 4^ there is M- 



n 



such that if diam(C/„) > Mi, then ?7„nX ^ 0. Since diam(C/„) oo, by extracting 
a subsequence and re-indexing, we may assume that C/„ H X 7^ for all n. □ 

Claim 12. For any n G N and v ^ 1? , every regular leaf of J- that intersects 
cl([/„ -|- v) has one endpoint in Un + v. 

Proof. Since Un intersects X and X is Z^-invariant, it follows that Un+v intersects 



X, and the claim follows from Proposition 4.8 (recalling that f\u„+v is nonwander- 
ing by Claim[2]). □ 

5.9. Boundedness of Un- 

Claim 13. [/„ is bounded for each n G N. 

Suppose for contradiction that U = Un is unbounded for some n. Then we may 
have assumed from the beginning of the proof of the theorem that U — Un for 
all n, since the hypotheses hold for that case. In particular. Claim [5] implies that 
diamP^,(L/) — 00 for any w G Zj. From now until the end of this subsection, we 
seek a contradiction to prove Claim [T3| 

Let W be the union of U with all leaves of that intersect U. Observe that W 
is open. 

Claim 14. W D {W + v) ^ (d for each veZ^. 

Proof. Suppose for contradiction that this is not the case. Then some leaf F of 
intersects both U and U + v. Thus F joins a point p £ [/ n X to a point 
q G {U n X) + V, where ^ u G Z^. Let 7 be the subarc of F joining p to q, and 
let a be any arc in U + v joining q to p + v. Then 7 * ct is an arc joining p to 
p + V. Hence 6 = UnezlT * c^] + nv is a closed connected set that separates M^, 
and P„i(0) is bounded. The fact that diamP„i(C/) — 00 implies that U + mv^ 
intersects & for some m G Z, m ^ 0, and so U + mv^ intersects [7 * cr] -f nv for 
some n G Z. But U -\- mv^ is disjoint from [cr] -I- C U + {n+ l)v, since otherwise 
U + mv^ — (n-l- 1)1; would intersect U, contradicting the fact that 7t{U) is inessential 
(noting that mv^ — {n + 1)11 7^ 0, since ni ^ 0). Therefore U + mv^ intersects 
[7] -f nv. But since F -I- is a leaf of T and it contains 7 -I- nv, it follows from 



Claim 12 that T + nv has one endpoint in U + mv^ . On the other hand we know 
that the endpoints otV + nv are p + G U -\-nv and q-\- nv £ U + {n + l)v , both 
of which are disjoint from U + mv^ (since m 7^ 0). This contradiction shows that 
Wfy{W + v)=%ioT: each v G Z^. 

□ 

Now let O = Unez /"(^)- Note that O is open, connected and /-invariant. 
Claim 15. O n (C/ + w) for each v e 
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Proof. Indeed, since W n {W + w) = 0, in particular W Ci (U + v) =0. Since U + v 
is invariant, it follows that /''{W) (1 {U + v) =0 for any fc e Z, and the claim 
follows. □ 

Claim 16. O n (O + w) = for each v e (i.e. n^O) is inessential). 

Proof. If O n (O + w) 7^ and v ^ 0, since O is connected it contains an arc a 
joining some point z£0 to z + v£0. If Q — [jj^^2^[a] + nv, then 6 is bounded 
in the direction, and the fact that diam(P^i ([/)) — oo implies that U + mv^ 
intersects O for some to G Z, m 7^ 0. But then U + mv^ intersects [a] + nv for 
some n G Z, so that U + mv^ — nv intersects [a] CZ O. Since mv^ ^ nv ^ 0, this 
contradicts the previous claim. □ 

Claim 17. // a regular leafV of J- intersects U, then it is contained in U. 

Proof. Let O = Fill(O). It follows from the properties of O that O is simply 
connected, /-invariant, and tt{0) is still inessential. Thus O is a simply connected 
open /-invariant set that projects to an inessential set. Recalling that we are 
assuming (since Claim|6]) the maximality of U with respect to these properties, and 
since U C O, we conclude that tt{0) = U. If a leaf F of intersects U, then by 
the definition of W and O it follows that [r]cWcOcO = U, proving our 
claim. □ 

Claim 18. dU <ZX 

Proof. If this is not the case, there is some regular leaf F of such that [TjOdU 7^ 0. 
But Claim [12] implies that F has one endpoint in U, and thus by our previous claim 
F is entirely in U, a contradiction. □ 

The last claim is the sought contradiction: in fact, since X is totally disconnected, 
\ X is connected. Thus \ 9 [7 is connected, contradicting the fact that d U 



separates U from U + (1,0). This contradiction completes the proof of Claim 13 
i.e. that [/„ is bounded for each n. 

5.10. End of the proof of Theorem |B} Now that wc know that each C/„ is 
bounded. Claim [s] implies that the sets 7r{Un)neN are pairwise disjoint. To finish 
the proof, we will repeat the same arguments from the proof of Claim [TSj however 
with the difference that now the sets J7„ are bounded, so the proofs of the claims 
change (note that we could not have used these arguments prior to knowing that 
the sets Un are pairwise disjoint, for which we needed to know that t/„ is bounded). 
Recall that we are assuming that 

• The sets (t/„)nGN are maximal in the sense of Claim [6| 

• The sets (7r([/„))„gN are pairwise disjoint. 

• [/„ n X 7^ for each neN. 

Let W be the union of t/i with all leaves of J- that intersect Ui. Observe that 
W is open. 

Claim 19. W D (W + v) = for each w € Z^. 

Proof. Suppose for contradiction that this is not the case. Then some leaf F of 
T intersects both Ui and Ui + v. Thus F joins a point p G f7i n X to a point 
q £ {UiC] X) + V, where 7^ t; G Z^. Let 7 be the subarc of F joining p to q, and 
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let CT be any arc in Ui + v joining q to p + v. Then 7 * cr is an arc joining p to 
p + V. Letting O — UnezI'^ * cr] + nv, the fact that diamP„j_ (?7„) — >■ cx) as n 00 
imphes that for any sufficiently large n, there is w such that Un + w intersects 0, 
and so U„ + w intersects [7 * u] + kv for some fc G Z. But Un + w is disjoint from 
[<t] + kv C Ui + {k + l)v, since otherwise Ui + w — {k + l)v would intersect C/„, 
contradicting the fact that tt{Ui) ^ n^Un)- Therefore Un + w intersects [7] + kv. 
But since F + few is a leaf of T and it contains 7 + kv, it follows from Claim 12 



that T + kv has one endpoint in Un + w. On the other hand we know that the 
endpoints of F are p + kv G Ui + kv and q + kv (z Ui + {k + l)v, both of which are 
disjoint from Un + w (again, because 7r(C/i) =/= 7r(C/„)). This contradiction shows 
that VF n (VF + w) = for each u e Zj. □ 

Now let O = Unez /"(^)- Note that O is open, connected and /-invariant. 
Claim 20. O n ([/i + w) = for each v e Zl 

Proof. Indeed, since W f] {W + v) = 9, in particular Wn{Ui+v) = 0. Since Ui+v 
is invariant, it follows that f^{W) n {Ui + w) = for any fc e Z, and the claim 
follows. □ 

Claim 21. O n (O + w) = for each v e Zl (i.e. 7r(0) is inessential). 




Figure 4. Un has a translate intersecting 8 for at most two n's. 



Proof If O n (O + u) 7^ and w 7^ 0, then W n {O + v) ^ >!}, This means that there 
are leaves Fi and F2 of J- such that Fi has endpoints pi,qi € X with pi e Ui, 
and F2 has endpoints P2,'?2 G X with P2 G C^i + and there is an integer k such 
that /''(F2) n Fi 7^ 0. Let 71 be a subarc of Fi from pi to some intersection point 
z € /'^(F2) n Fi, and 72 a subarc of /'^(F2) from z to p2- Finally let a be an arc in 
Ui+ V joining p2 to pi + v. 

Like in the previous arguments, the fact that diam(P„i ([/„)) — )• 00 as n ^ 00 
implies that when n is large enough, there is w S Z^ such that + intersects 
[71 * 72 * ct] + mv for some m S Z, and as before, the fact that Ti{Un) 7^ 7r(C/i) 
implies that Un+w is disjoint from [a] + mv, so C/„ + w intersects either [71] + mv 
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or [72] + mv. This means that, if w' — w — mv, then [/„ + w' mtersects either Fi or 
f^{V2)- But since Un + w' is invariant, this impHes that Un + w' intersects either Fi 
or F2. Again, Claim [12] imphes that one of the endpoints of Fi or F2 is in Un + w'. 
Since 7r(pi) G tt{Ui) ^ 7r(C/„) and similarly 7r(p2) ^ T^{Un), it follows that one of the 
points qi or (72 is in Un + w' . Without loss of generality, suppose that qi G Un + w' . 

Repeating the previous argument with another (sufficiently large) integer n' > n, 
we conclude that one of the points qi or 52 is in [/„' + w" for some w" G 1? . Since 
qi G Un + w' which is disjoint from Un' +w" (because ■K{Un') 7^ 7r(?7„)) we conclude 
that q2 e Un- + w" . See Figure [I) 

But repeating this argument a third time, with some n" > n', we conclude that 
there is w'" E 1? such that Un" + w'" contains q\ or 52, and this is not possible 
since Un" is disjoint from Un' + w" and J7„ + w' . This contradiction proves the 
claim. 

□ 

The next two steps are proved identically to Claims [T7| and [TS} 

Claim 22. // a regular leafT of J- intersects Ui, then it is contained in Ui. 

Claim 23. dUi<zX 

Again, the last claim is a contradiction, since X is totally disconnected. This 
concludes the proof of Theorem [B| 
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